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Synthetics is the study of finite representations of lawful systems: how laws are produced, trans-
formed, and partially lost under changes of description. This paper develops an operational frame-
work for Synthetics by showing how a representation C acting on an antecedent generator Gµ sorts
its structure into a synthetic decomposition SC(Gµ) = (qs,Ks,∆C): the null law absorbed into
the coarse background, the visible generator pricing retained complexity, and the closure residue
carrying structure with no closed coarse image.

Four requirements on scalar law-content—relabelling invariance, atomwise locality, neutral refine-
ment, and order independence—force the comparison between descriptions to the KL form in a finite
positive-support setting; adding visible constraints forces the variational selector to the free-energy
family. The free-energy functional Fs[p] = ⟨Ks⟩p + MDKL(p∥qs) is the invariant scalar grammar
of the synthetic decomposition in the order-independent regime; thermodynamics, rate-distortion
theory, the information bottleneck, the free-energy principle, and minimum description length are
instances under different choices of visible generator Ks.

Order independence is the scalar statistical form of partition-dynamics commutation: where it
holds, KL is uniquely forced; where it fails globally, noncommutativity is forced. When dynamics
and description-change fail to commute, the closure residue ∆C = CGµ−GMC composes coherently
across scale towers; its structured modes—renormalised couplings, memory kernels, noise, emergent
order parameters, gauge freedom, holonomy, and spectral noncommutativity—are a complete clas-
sification of effective physics as structured closure failure.

Taking the infinitesimal scale limit yields a residue density ωs whose off-diagonal component
drives spectral-frame rotation. The dimensionless ratio χs of off-diagonal residue to spectral gap
measures distance from classical closure; when χs flows to a non-trivial fixed point, the canonical
commutator [Q,P ] = iℏ is the algebraic signature of partition-dynamics obstruction stabilised at a
scalar, central, universal value.

I. FINITE LAWHOOD AND RECURSIVE
CLOSURE

Theories idealise. Any theory selects a finite set of
variables, declares the rest invisible, and writes its laws
in the compressed representation that remains. Formally
this is a coarse-graining; every object of theory—particle
trajectories, density matrices, continuum fields, block-
spin configurations—is a compressed image of phenom-
ena richer than itself.

Every mature quantitative theory built this way ends
up with the same variational architecture: an expected
cost plus a divergence from a reference law. Statistical
mechanics takes this form with energy as cost [1, 2]; rate-
distortion theory with distortion [3]; variational inference
with log-likelihood [4]; the information bottleneck with
negative relevance [5]; minimum description length with
code length [6]. The coincidence has been noted, and
partially explained from different consistency axioms [1,
7, 8], but not derived from the one property all these
theories share: the act of declaring structure invisible.
This paper derives it from there.

This convergence has a name. Synthetics is the study
of finite representations of lawful systems: how laws are
produced, transformed, and partially lost under changes
of description. The projection-operator formalism [9, 10],
the renormalisation group [11, 12], effective field the-
ory [13, 14], maximum entropy methods [1, 7], and quan-
tum reconstruction programmes each engage this prob-
lem; this paper develops one operational framework in-

side it. The name is literal: a finite description syn-
thesises its law from antecedent structure, sorting that
structure into what closes exactly, what survives only ap-
proximately, and what has no closed coarse image.
Which kind of idealisation a theory performs depends

on the relation between its register and what it describes
(Fig. 1). Let Ω be the configuration space of the world,
R ⊂ Ω the physical register carrying the theory, and
π : Ω → X the symbol map by which the register repre-
sents the world. Three regimes are structurally distinct:
a disjoint theory has a register lying entirely outside its
target; a coupled theory partially overlaps its target; a re-
flexive theory lies inside it, so that R ⊂ Ω and the target
is Ω itself. Fundamental physics, cosmological theories,
computational theories, and biological self-models all oc-
cupy the reflexive category [15, 16].
A finite reflexive theory compresses: |X| < |Ω|. Exact

reflexive self-description would require the compressed
image to contain its own representational action without
residue—a self-similar fixed-point condition that generi-
cally fails. A consistent finite self-description must close
under its own application; wherever closure fails, the fail-
ure is structured residue whose composition laws deter-
mine whether the theory can remain predictive. What
those laws must be is the question this paper answers.
The structural question is:

How can a finite idealisation stand in lawful
relation to phenomena richer than itself?

Let Xµ denote the antecedent state space and XM the
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FIG. 1. Three representational regimes. Disjoint: the register R lies entirely outside its target; the theory and the
modelled system share no state space. Coupled: R partially overlaps its target. Reflexive: R ⊂ Ω and the target is Ω itself.
Fundamental physics, computation, and biological self-models are reflexive. A finite reflexive theory can close exactly only at
a self-similar fixed point; generic finite compression leaves structured residue whose composition laws are the subject of this
paper.

coarser state space of the theory. A representation is a
map

C : Xµ → XM . (1)

The fibre C−1(m) collects all antecedent states the theory
declares equivalent. Throughout, antecedent means rep-
resentationally prior to the coarse description—the struc-
ture on which C acts. The term carries no requirement
of a physical scale hierarchy; the antecedent generator
Gµ may govern a field theory, a microscopic model, an
agent’s internal model, or any dynamics richer than what
C retains.
Whether the coarse description can generate its own

dynamics—without constant reference to the antecedent
level—is the closure question. Renormalisation-group
decimation [11, 12], projection-operator elimination [9,
10, 17], and effective-field-theory truncation [13, 14] all
perform irreversible changes of description, and their
residue structure is the subject of this paper. If Gµ is
the antecedent generator and GM the coarse generator,
exact closure requires

CGµ = GMC : (2)

evolving at the antecedent level then coarse-graining
gives the same result as coarse-graining first then evolv-
ing with the coarse law. When this fails, the closure
residue

∆C = CGµ −GMC (3)

is the determinate part of antecedent dynamics not in-
ternally generated by the coarse law but still relevant
for predictions. Because Gµ evolves states within a de-
scription while C changes the description itself, ∆C is a

higher-order obstruction—the failure of partition-change
and dynamics to compose independently of their order—
rather than an operator commutator on a fixed state
space. How it transforms under iterated coarse-graining,
and at what scale it stabilises at a non-trivial fixed point,
are the subjects of Sections III and VI.

II. SYMMETRY, CONSTRAINT, AND THE
FORCED LAW-FORM

A statistical law is a generator: it drives the sys-
tem toward a stationary state and determines how fast.
The antecedent generator Gµ carries structure beyond
its stationary state: symmetries, conserved quantities,
an eigenspectrum. Coarse-graining C preserves some of
that structure exactly, demotes some to approximate,
and erases the rest (Fig. 3). Each fate has a name, and
the names together force the law-form.
Structure that C inherits exactly from the antecedent

level is absorbed into the coarse background as the null
law : the minimally committed distribution compatible
with the current partition, generated recursively by the
coarse-graining itself. Let qs−ds be the null law at the
antecedent scale, and let C∗qs−ds denote its pushfor-
ward to XM — the measure defined by (C∗q)(m) =∑

x:Cx=m q(x). Projecting onto the admissible class Ns

of distributions on XM consistent with the current par-
tition gives the null law at scale s:

qs = argmin
q∈Ns

DKL(C∗qs−ds∥q) . (4)

The null law carries exactly the structure preserved whole
by the coarse-graining: antecedent dynamical symme-
tries that close exactly under C are absorbed without
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FIG. 2. Finite law-form under change of description. (A) Finite, noisy phenomenon: data lying near an idealised curve
in the antecedent state space. (B) Coarse-graining C compresses it to a smaller state space XM ; the compressed curve is the
idealised model. (C) Reconstruction fibre: each coarse state admits many antecedent histories; the fibre C−1(m) collects all
of them. (D) Closure residue: evolving at the antecedent scale and coarse-graining yields Yt+δt (green); coarse-graining first
and evolving coarsely yields Y ′

t+δt (grey); the gap ∆C = CGµ −GMC (red) is the determinate closure failure. (E) Scale triage:

antecedent structure distributes into null potential V
(0)
s (amber), visible complexity Ks (blue), and closure residue ∆s (red).

See Sections II–III.

remainder into the coarse background; everything else
has been discarded. Define the inherited null potential

V (0)
s = −M log qs (up to additive constant), (5)

where M > 0 is a positive scale parameter whose role is
clarified by Result 2 below. The null potential is accord-
ingly a coarse-level encoding of perfectly compressible
antecedent structure: the generator component whose
partition-dynamics commutator vanishes exactly appears
at the coarser scale as a static potential, requiring no ex-
plicit tracking. Derivation of the null-law recursion in
Appendix B.

Demoted symmetries carry a cost: the coarse descrip-
tion must impose as an explicit constraint what the an-
tecedent law satisfied automatically. Those demoted con-
straints are the visible observables Aa; their conjugate
coefficients ga are the costs of making those distinctions
matter. The cost function of retained complexity is

Ks =
∑
a

gaAa, (6)

the image in the coarse description of antecedent
symmetry-constrained structure that the coarse-graining
has demoted from exact to approximate. Together, the
null potential and the visible cost determine the station-
ary state:

γs ∝ exp

[
−Ks + V

(0)
s

M

]
. (7)

Appendix J derives this projection explicitly for inte-
grable generators, where action-angle coordinates make
the absorbed/demoted split geometric.

The third class of structure—broken symmetries—has
no coarse image. The coarse description must still com-
pare representations consistently: a comparison that
gives different answers depending on the order in which
irrelevant structure is discarded measures nothing objec-
tive.
Four requirements express what any consistent scalar

comparison I(p∥q) between distributions on a finite state
space must respect.

Relabelling invariance. The comparison cannot de-
pend on arbitrary names of states. Bijections of the state
space leave I unchanged.
Atomwise locality. Disjoint alternatives contribute
separately: I(p∥q) = ∑

i ℓ(pi, qi) for a common local den-
sity ℓ.
Neutral refinement. Splitting an alternative into sub-
alternatives with the same likelihood ratio pi/qi and no
new visible distinction leaves I unchanged.
Order independence. Eliminating hidden distinctions
in one step or in several must give the same total ac-
counting:

IX(pX∥qX) = IY (pY ∥qY )
+EpY

IXy

(
pX|Y (·|y)∥qX|Y (·|y)

)
.

(8)

Order independence is the substantive requirement.
Any scalar failing (8) assigns different statistical content
to a representation depending on the order in which hid-
den structure is discarded—incompatible with that struc-
ture being genuinely irrelevant. It is the scalar statistical
form of partition-dynamics commutation: it requires that
changing description and measuring law-content compose
in the same order. In the finite positive-support set-
ting this condition holds and the KL form follows. The
regime where order independence fails globally—where
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FIG. 3. Coarse-graining sorts the symmetry content of a generator. (a) The antecedent generator Gµ contains
three classes of structure, distinguished by how the coarse-graining C acts on them. Exact symmetries are absorbed into the
null law qs (amber); demoted symmetries become visible constraints entering Ks (blue); broken structure has no coarse image
and contributes to the closure residue ∆s (red). (b) A four-state Markov chain with coarse partition α = {1, 2}, β = {3, 4}
instantiates all three fates explicitly. Intra-partition transitions at rate kf (amber) equilibrate instantly inside each partition
and are absorbed into the null law qs. Inter-partition transitions at rate ks (blue) project cleanly through C and enter Ks as
explicit constraints. Diagonal transitions at rate ε (red) break the partition symmetry and cannot be expressed in any coarse
functional, contributing to ∆s. Full derivation in Appendix J.

partition-dynamics non-commutation leaves a persistent
spectral residue—is the subject of Section VI.

Result 1. For finite positive-support distributions, rela-
belling invariance, atomwise locality, neutral refinement,
and order independence together force

I(p∥q) = C
∑
i

pi log
pi
qi
. (9)

Proof in Appendix A. Relative entropy emerges here
as the unique scalar bookkeeping compatible with con-
sistent multi-scale description. Shore and Johnson [7]
derived the same uniqueness from different consistency
axioms on inference; the present derivation traces it to
the more primitive requirement that the order of elimi-
nation be irrelevant. Every other continuous comparison
violates (8) by an O(1) amount on the simplest finite
examples (Fig. 4).

With the comparison uniquely determined, imposing
visible constraints ⟨Aa⟩p = aa on top of the order-
independent law-content yields the forced variational
family.

Result 2. For finite states with compatible support and
M > 0, order-independent law-content combined with
visible constraints gives

Fs[p] = ⟨Ks⟩p +MDKL(p∥qs), (10)

where Ks =
∑

a gaAa is the cost function of retained
visible complexity and M is the positive scale parameter
of (5).

The free-energy functional trades two costs: the ex-
pected cost of retained complexity, and the cost of de-
parting from the null law. Proof and contraction-closure
property in Appendix A.

The free-energy functional (10) is the invariant scalar
grammar of the synthetic decomposition in the order-
independent regime. Thermodynamics, rate-distortion
theory [3], the information bottleneck [5], the free-energy
principle [18], and minimum description length [6] are
all instances under different choices of retained observ-
able Aa: thermodynamics takes A = H (energy) with
M = kBT ; rate-distortion takes A = d(x, x̂) (distortion)
with the rate as null content; the information bottle-
neck takes A = −I(T ;Y ) (relevance gap); Friston’s free-
energy principle takes A = − log p(µ|s) (prediction er-
ror) on a Markov blanket; Rissanen’s MDL takes A = ℓθ
(code length); variational Bayes is recovered when qs is
the prior and Ks is the negative log-likelihood. These
are identifications within a single forced structure, not
analogies (Fig. 5; Appendix A). The scale parameter M
sets the units of law-content and is fixed by the choice of
representation; it is not determined by the framework.

The representation C sorts antecedent generator struc-
ture into three branches:

antecedent law −→
V

(0)
s = −M log qs, null potential,

Ks, visible complexity,

∆s, closure residue.

(11)
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FIG. 4. The logarithm is forced by order independence. (a) Self-similar network: the wheel graph embeds its own
hub at smaller scale, so ratio self-similarity is built into the structure. (b) Conformal log-spiral: the map w = log z converts
multiplicative nesting into additive periodicity; each revolution of the spiral carries the same ratio structure. (c) Ratio space:
probability ratios pi/qi for the rank ensemble PI(n) ∝ n−I displayed in polar coordinates, one ring per coarse-graining level.
Red bars indicate pi/qi > 1; blue bars pi/qi < 1. (d) Log-ratio space: log(pi/qi) as a function of state variable θ, one band per
level (fine, intermediate, visible). Logarithms add across levels: log r = log rY + log rX|Y , the chain rule (8). The additivity
condition ϕ(ab) = ϕ(a) + ϕ(b) forces ϕ(a) = C log a, selecting the KL divergence uniquely. Derivation in Appendix A.

We call

SC(Gµ) =
(
qs, Ks, ∆C

)
(12)

the synthetic decomposition of the antecedent generator
under C. This bookkeeping is the spine of the paper.
The coarse generator Gs is the drift toward γs; Fs

is the Lyapunov functional that witnesses the contrac-
tion. The triage answers the closure question—whether
GM can be written in coarse variables—and the vari-
ational question—what functional form the law must

take—simultaneously: the generator structure that closes
gives null potential and visible complexity; the structure
that cannot close gives the closure residue.

III. CLOSURE RESIDUE AND EFFECTIVE
PHYSICS

Section II identified three branches of the triage (11);
this section develops the third.
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Each framework chooses a different visible generator Ks; the null law qs and KL cost are shared.

Statistical
Mechanics
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FIG. 5. The forced law-form unifies seven variational frameworks. The free-energy functional Fs[p] = ⟨Ks⟩p +
MDKL(p∥qs) (centre) is shared by all seven frameworks. Each spoke chooses a different visible generator Ks; the null law qs
and the KL cost are common to all. Thermodynamics takesKs = βH; rate-distortion theory [3] takes distortion; the information
bottleneck [5] takes relevance gap; the free-energy principle [18] takes prediction error on a Markov blanket; Rissanen’s MDL [6]
takes code length; variational Bayes takes negative log-likelihood; MaxEnt [1] takes no visible constraint (Ks = 0) and returns
directly to the null law. The correspondences are identifications within a single forced structure. Every framework in the figure
is the case where order independence holds: partition and accounting commute, and the KL form is uniquely forced.

When an antecedent law is pushed forward through a
coarse-graining, the result may not be representable ex-
actly in the coarse law-form. The mismatch is the closure
residue

∆C = CGµ −GMC, (13)

already introduced in Section I. Whether it accumu-
lates arbitrarily or composes with structure determines
whether it represents physics or noise.

Result 3. For a scale tower

X0
C01−−→ X1

C12−−→ X2, (14)

with one-step residues ∆C01 = C01G0 − G1C01 and
∆C12 = C12G1−G2C12, the two-step closure residue sat-
isfies

∆C02 = C12 ∆C01 +∆C12 C01. (15)

Proof in Appendix C. The cross term C12 ∆C01 is the
key feature: residue at one scale is filtered by the next
coarse-graining before entering the two-step mismatch.
A mode that C12 kills contributes nothing to the accu-
mulated residue; a mode it preserves carries its residue
forward. This is why residue acquires the structure
of effective physics rather than the statistics of noise:
it has passed through the same filter as the surviving

degrees of freedom. The structure of (15)—partition-
dynamics obstruction at one level filtered by the next
coarse-graining—has the character of a 1-cocycle in al-
gebraic deformation theory [19]: the obstruction is itself
obstruction-free one level up, and what propagates is the
projection of the mismatch through the subsequent parti-
tion, not a free accumulation of errors. Effective physics
is structured closure residue.

Appendix C derives a canonical classification of ∆C

(Proposition 6). The canonical modes are organised
by three structural conditions: the spectral structure
of the retained mismatch A = CGµC

+ − GM (where
C+ is a right inverse of C satisfying CC+ = IM ), the
exact Nakajima-Zwanzig splitting of the hidden cou-
pling, and the geometry of the coarse-graining fibra-
tion. These conditions yield the following residue modes;
whether the list is exhaustive in all generality is not
claimed. R1 (scalar retained): absorbed by coupling-
constant shift—renormalisation-group flow [11, 20]. R2
(diagonal retained): alters transition rates—friction and
kinetic corrections. R3 (off-diagonal retained): new
coarse couplings—emergent order parameters [21, 22].
H1 (memory-kernel hidden): non-Markovian coarse
dynamics—the Nakajima-Zwanzig kernel [9, 10, 17, 23].
H2 (incoherent hidden): fluctuating forces [24, 25]. G1
(fibre ambiguity): gauge freedom [26, 27]. G2 (incom-
patible projectors): spectral noncommutativity [28, 29].

R1–H2 are local corrections to rates, potentials, or cou-
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FIG. 6. Null law recursion and residue triage. Left: The antecedent null law qs−ds is pushed forward through C
to give q̂s = C∗qs−ds, then projected onto the admissible class Ns to give qs (amber, Eq. 4). The inherited null potential

V
(0)
s = −M log qs (amber) is the antecedent law structure absorbed into the current-scale background. The visible deformation

Ks (blue) is resolved structure remaining after absorption; their sum Ks + V
(0)
s is the total effective generator. Right: The

triage of antecedent law (Eq. 11). Every part of the antecedent law is either absorbed (amber), retained (blue), or left as closure
residue (red). Recursive null-law derivation in Appendix B.

plings. G1 and G2 are global obstructions—measuring
the topology of the space of descriptions: whether the fi-
bre can be globally trivialised and whether outcomes can
be globally assigned across measurement contexts [28].
Full derivation and the two-mode open-system example
are in Appendices C and D.

IV. CONSTRUCTIVE COARSE-GRAINING
AND GENERATOR-CLOSING BASES

The preceding section classifies the closure residue ∆C

of a given coarse-graining. The same criterion can se-
lect the coarse-graining. This section turns the the-
ory constructive: we derive a dynamics-aware objective
for choosing the representation C, show why fast-mode
compression alternatives fail, and demonstrate that the
residue of a suboptimal representation points to what was
forgotten.

An antecedent generator Gµ governs ṗ = Gµp over nµ

antecedent states; a coarse-graining C : Rnµ → RnM

(nM < nµ) aggregates them into coarse variables. In the
Markov-chain setting C is a binary aggregation matrix
(Cαi ∈ {0, 1}, exactly one 1 per column). Exact clo-
sure requires CGµ = GMC—“evolve then coarsen” and
“coarsen then evolve” must agree—so the closure residue
∆C = CGµ −GMC measures the failure and, more use-
fully, can guide the next revision.

The closure criterion

Given stationary distribution πµ (Gµπµ = 0, πµ > 0)
and W = diag(πµ), the stationary-weighted Frobenius
norm is ∥A∥2W,F =

∑
ij πjA

2
ij . The best-fit coarse gener-

ator for a given C minimises the weighted squared closure
residue; its analytic solution is

G∗
M (C) =

(
CGµWC⊤)(CWC⊤)−1

. (16)

The closure loss is the residual after fitting the best pos-
sible coarse generator:

J(C) =
∥∥CGµ −G∗

M (C)C
∥∥
W,F

. (17)

Minimising J(C) over candidate coarse-grainings yields
a generator-closing basis—the representation that best
compresses the dynamics, not merely the data.

Result 4. Exact closure J(C) = 0 holds if and only if
the row space of C is invariant under right multiplication
by Gµ. Equivalently, in the Koopman dual, observables
{ϕi} close exactly when

G†
µ span{ϕi} ⊆ span{ϕi}. (18)

The proof is direct: CGµ = GMC for some GM iff every
row of CGµ lies in the row space of C, i.e. the row space
is Gµ-invariant under right action.
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FIG. 7. Closure residue: non-closing square, composition, and spectral limit. Left: Two paths from (Xµ, t) to the
coarse level at t+δt: evolve at the antecedent level then coarsen (green/blue), versus coarsen first then evolve coarsely (orange).
The gap is ∆C = CGµ −GMC (red). Exact closure is the commuting square; closure residue is the failure. Centre: Three-scale
composition identity ∆C02 = C12∆C01 +∆C12C01 (Result 3). The cross term shows residue is transported by the next coarse-
graining, not accumulated as additive error. Numerical verification: residual 3.93× 10−17. Right: In the infinitesimal limit the
finite residue ∆C yields the residue density ωs (Eq. 25, Section VI). Off-diagonal ωs drives spectral-frame rotation; diagonal ωs

renormalises generator/potential data. Full derivation in Appendix F.

Why fast-mode compression fails

Clustering antecedent states by the fastest eigenvec-
tors of Gµ captures within-scale relaxation rather than
the slow variables governing long-time behaviour, max-
imising short-time descriptive power at the cost of long-
time predictive failure—precisely what J(C) penalises.
Slow-eigenvector clustering is better motivated but fails
when hidden couplings contaminate the slow spectrum.

Residue anatomy

When J(C) > 0, the weighted column profile

σj =

√
πj

∑
i

∆2
C,ij (19)

assigns each antecedent state its contribution to the
residue, weighted by stationary probability. A state with
anomalously large σj is a hidden coupling state whose
transitions the current representation cannot predict.
Promoting it into the coarse description converts hidden
structure into visible generator content; a flat, structure-
less σj profile signals an adequate representation.

Demonstration

We test the procedure on a designed 12-state
continuous-time Markov chain (CTMC) with three hub-
and-spoke blocks, each with identical internal structure,
connected in a chain by slow hub-to-hub rates (r = 0.4)

(Fig. 8). A hidden shortcut between spoke states 1 ∈ A
and 9 ∈ C (rate rh = 2.0) raises the effective A–C
coupling to ≈0.64, exceeding the inter-block rate. The
shortcut is hidden because it connects non-hub states:
the hub-to-hub topology suggests {A,B} | {C} or {A} |
{B,C}, missing the true dynamical similarity between A
and C. Full specification and additional figures are in
Appendix K.

Among all binary block partitions, J(C) selects
{A,C} | {B} (loss 0.26) over the topologically natu-
ral alternatives {A,B} | {C} (0.93) and {A} | {B,C}
(0.90)—a factor of 3.6× lower. Fast-mode compression
yields loss 30.9, two orders of magnitude worse. Mean
L1 prediction error at t = 5 is 6× 10−4 for {A,C} | {B}
versus 0.044 for the topology-guided partitions: a factor
of 72× (Fig. 9a), confirming that J(C) tracks predictive
accuracy.

The column profile σj of the wrong partition {A,B} |
{C} spikes on states 1 and 9 by a factor of ∼6 above the
next contributor (Fig. 9b)—precisely the shortcut end-
points, identified without prior knowledge of the short-
cut. The analyst can then reason: states 1 ∈ A and 9 ∈ C
carry a direct coupling, so A and C belong together.
Recovering {A,C} | {B} from the residue demonstrates
that the profile is an instruction to revise the partition,
not an irreducible noise floor.

The transport identity ∆C02 = C12∆C01 + ∆C12C01

(Result 3) holds to 2.8 × 10−15 across the three-scale
tower 12 → 3 → 2, verifying exact algebraic consistency.
Connections to Koopman-based methods, Mori–Zwanzig
projection, and spectral clustering are discussed in Ap-
pendix K.
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FIG. 8. Markov chain geometry. (a) Block topology: three blocks connected by slow hub-to-hub rates (r = 0.4, grey). A
hidden shortcut (red arc, rh = 2.0) connects spoke states 1 ∈ A and 9 ∈ C, raising the effective A–C coupling to ≈0.64. The
shortcut is hidden because it runs through non-hub states and is invisible to hub-level topology analysis. (b) Representative
block structure (all three blocks are identical): one hub node connected to three spokes in a star-and-chain arrangement, with
fast intra-block rates (r = 30 hub→spoke, r = 12 spoke→hub and spoke-spoke). Spoke 1 (red outline) is the shortcut endpoint.

V. EQUILIBRIUM, EMERGENCE, AND
CONSERVED STRUCTURE

Equilibrium is the state in which both branches of the
triage (11) close without residue. Symmetry and conser-
vation determine the algebra of what the null-potential
branch inherits across scale transitions.

Equilibrium

A state is stationary when Gsγs = 0; a driven steady
state satisfies this condition while maintaining itself
through hidden fluxes that would be visible at a finer
description [30, 31].

Equilibrium requires in addition that the stationary
law closes:

Gsγs = 0 and ∆C γs = 0. (20)

Equilibrium is the closed sector of finite description: the
part that reproduces itself without leaving closure residue
under the relevant scale change. Nonequilibrium is per-
sistent closure residue.

The triage identifies four structurally distinct regimes
of partition-dynamics commutation. Equilibrium is the
commuting case: partition and dynamics agree on the
stationary law, and the order of operations leaves no
trace. Effective physics is structured non-commutation:
residue is nonzero, coherent, and classifiable by the

modes of Section III, appearing as renormalisation-group
flow, dissipation, memory kernels, emergent order pa-
rameters, gauge freedom, and decoherence. Quantum
mechanics is self-similar non-commutation: partition-
dynamics obstruction stabilises at a non-trivial spectral
fixed point rather than flowing to zero (Section VI). At
that fixed point, the canonical commutator [Q,P ] = iℏ
is the algebraic signature of the stabilised obstruction.
Entropy measures the hidden structure that can be

absorbed into the null law qs without leaving closure
residue: when the entropy of the hidden conditional is
the only contribution to the change in null potential, the
system closes exactly. Unabsorbable structure—memory,
correlated residues, coherent modes—leaves ∆C ̸= 0. De-
tails in Appendix E.

Symmetry and emergence

To coarse-grain is to choose a symmetry structure: to
decide which distinctions are gauge-like from the coarser
point of view and which remain physical.
A fine symmetry gµ transports to a coarse symmetry

gM only if

Cgµ = gMC. (21)

Three cases arise: the symmetry transports and remains
a symmetry; the transformation satisfies Cgµ = C and
becomes a gauge redundancy at the coarse level; or no
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FIG. 9. Closure results. (a) Mean L1 prediction error vs time (log scale) for key partitions; legend gives closure loss J(C) for
each. {A,C} | {B} (teal) achieves loss 0.26 and is 72× more accurate at t = 5 than the topology-guided alternatives. Fast-mode
compression (J = 30.9, grey) is two orders of magnitude worse. (b) Weighted residue column profile σj for the wrong partition
{A,B} | {C}. States 1 and 9 (red bars) spike by ∼6× above all other contributors, identifying the hidden-shortcut endpoints
without prior knowledge of the shortcut; the profile instructs the revision to {A,C} | {B}.

gM closes the diagram. The third case is emergence: the
residue of the failed symmetry closure appears as new
structure at the coarser scale. An order parameter is the
coarse-scale observable whose existence depends on that
failed lift; it has no antecedent precursor because the
commuting square does not close. Emergence is the spe-
cific algebraic failure of the commuting square, measured
by the closure residue of the symmetry [21, 22].

The dual closure residue ∆C
† = G†

µC
∗ − C∗G†

M is the
obstruction to lifting coarse conservation laws to the an-
tecedent level; a macro conservation law is inherited when
∆C

†IM = 0 and emergent or approximate otherwise. Full
derivations and the connection to integrable systems are
in Appendix E.

VI. INFINITESIMAL RESIDUE AND
QUANTUM-LIKE CLOSURE

The spectral residue mode G2 of Section III—the fail-
ure of incompatible retained projectors to admit joint
probability assignment—is the regime where order inde-
pendence fails globally. This section takes the infinitesi-
mal scale limit of the closure residue and asks what fixed-
point behaviour the resulting residue density ωs can ex-
hibit.

Let the coarse-graining between adjacent scales be

Cs→s+δs = I + δsLs +O(δs2), (22)

and let the generator vary as

Gs+δs = Gs + δs Ġs +O(δs2). (23)

A direct expansion of the closure residue gives

∆C
s→s+δs = δs

(
[Ls, Gs]− Ġs

)
+O(δs2). (24)

The raw residue vanishes with δs, but its ratio to δs
remains finite. Define the residue density

ωs = [Ls, Gs]− Ġs. (25)

The fixed-point object is ωs, not the raw finite residue.
For a non-degenerate spectrum Gs =

∑
i λiΠi, the off-

diagonal residue drives spectral-frame rotation:

Πj(DsΠi)Πi = −Πj ωs Πi

λi − λj
, (26)

where ad(Ls) denotes the commutator action
ad(Ls)[ · ] = [Ls, · ], and Ds = ∂s − ad(Ls) is the
covariant scale-derivative. Diagonal residue (ωs)ii
renormalises eigenvalues and can be absorbed into Ks

or V
(0)
s . Off-diagonal residue (ωs)ij , i ̸= j, rotates

spectral projectors and cannot be absorbed into any
scalar potential.
For the two-level case Gs = ∆

2 σz, ωs = κσx, one ob-
tains

lim
δs→0

[Π+(s), Π+(s+ δs)]

δs
= −i

κ

∆
σy. (27)
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Derivation in Appendix F. The commutator density is
finite even as the raw commutator vanishes.

Define the dimensionless spectral residue ratio

χs =
off-diagonal residue density

spectral gap
=

κ

∆
(two-level case).

(28)
Two regimes follow from the scale evolution of χs:

χs → 0 : classical closure. (29)

Spectral frames become asymptotically compatible; a sin-
gle joint distribution assigns probabilities to all contexts
simultaneously.

χs → χ∗ ̸= 0 : self-similar spectral residue. (30)

No scale transition can be made invisible; the spectral-
frame rotation rate is finite and scale-stable.

Any description stabilising at a non-zero spectral fixed
point χ∗ ̸= 0 must have the algebraic structure that
quantum theory has. At this fixed point the canoni-
cal form of the Markovian generator is the GKSL equa-
tion [32, 33] (Appendix G): the Hamiltonian commutator
is the coherent generator and the Lindblad terms are the
residual incoherent modes. No-go theorems [29, 34, 35]
are obstructions to making all reconstruction choices
jointly flat—they are the statement that spectral residue
cannot be globally gauged away, which is the content of
partition-dynamics non-commutation at this fixed point.
Decoherence [36, 37] is the decay of off-diagonal closure
residue toward the classical sector as χs → 0. In the
stable quantum regime, the operational residue scale is
structurally identified with the universal constant:

ℏop(s, ρ, C,R) = ℏ I. (31)

The identification places quantum mechanics at this fixed
point; the universality of ℏ reflects the rigidity of the
fixed-point structure.

The canonical commutator [Q,P ] = iℏ is the algebraic
signature of this fixed point: the Heisenberg algebra—
the unique algebra with a central, universal, scalar
generator—is the internal spectral readout of partition-
dynamics obstruction after stabilisation. Dirac’s identifi-
cation of Poisson brackets with commutators [38] and the
deformation-quantisation programme [39, 40] pursue the
same structural identification from the classical side; the
partition-dynamics fixed-point framing locates the struc-
tural reason.

The connection to the KL axioms of Section II is di-
rect: order independence—the condition that partition
and accounting commute across refinements—is precisely
the requirement that fails at χs → χ∗ ̸= 0. Bell’s theo-
rem [34] and the Kochen-Specker theorem [29, 35] state
that this failure cannot be made globally invisible by any
relabelling of contexts: spectral residue cannot be gauged
away. Extended treatment of self-similar residue dynam-
ics, generalised quantum-like regimes, and the scope of
this identification are in Appendix G.

VII. NEURAL SCALING LAWS AS
CLOSURE-RESIDUE DECAY

The closure-residue branch of the triage has a di-
rect empirical target: modern neural network training,
where the statistical law, the representation scale, and
the residue are all measurable.
Consider a data distribution pdata and a parametrised

model distribution pθ. Neural network training loss
curves follow empirical power laws [41, 42] whose expo-
nents are stable across model families and modalities.
The standard training loss is the cross-entropy,

L(θ) = −Ex∼pdata
log pθ(x). (32)

This decomposes into the irreducible entropy H(pdata) of
the data source and a KL divergence,

L(θ)−H(pdata) = DKL(pdata∥pθ). (33)

The irreducible entropy is the null statistical content of
the data source, fixed independently of the model. The
excess loss is the scalar representational residue: the part
of the data law not generated by the model family.
Scaling model size, data, and compute changes the ad-

missible representation. Let s = logN , where N is a
representation-scale variable such as parameter count.
If the representation flow is locally self-similar, residue
mode k evolves as ak(s) ∼ e−λks, giving ak(N) ∼ N−λk .
The slowest-decaying mode dominates,

L(N)− L∞ ∼ AN−α, (34)

where L∞ = limN→∞ L(N) is the irreducible loss, A > 0
is a normalisation amplitude, and α > 0 is the dominant
residue eigenvalue (scaling exponent). Power-law scal-
ing is the signature of self-similar residue decay, not an
empirical coincidence [43, 44].
There are at least two leading residues: ∆cap(N), the

capacity residue controlled by model size; and ∆samp(D),
the sampling residue controlled by dataset size. There-
fore,

L(N,D)− L∞ ≈ AN−α +BD−β (35)

plus interaction terms, where B > 0 and β > 0 are
the analogous amplitude and exponent for the data-size
residue. Under a compute constraint C ∼ ND, compute-
optimal scaling balances the marginal reduction of each
residue: neither mode should dominate.

The smooth power law is the self-similar decay of
residue modes with no residue-class transitions. Devi-
ations from smoothness mark residue changing class: in-
duction heads [45] are closure events (history-dependent
residue becomes an internal transition operator); super-
position [46] is coherent unresolved residue compressed
into too few visible dimensions. These discrete structural
transitions—documented as “emergent abilities” [47]—
are predicted to correspond to knees or exponent changes
in the residual R(N,D).
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Defining a smooth scaling baseline and extracting the
residual,

R(N,D) = Lobs(N,D)− Lfit(N,D), (36)

where Lobs is the empirically measured loss and Lfit is a
smooth power-law baseline fitted to the self-similar scal-
ing regime, the framework predicts that circuit forma-
tion, feature splitting, induction-head emergence, and su-
perposition reorganisations should correlate with struc-
tured features of R(N,D)—extrema, knees, or exponent
changes—rather than occurring randomly along the scal-
ing curve. Neural networks are not special physical sys-
tems; they are unusually well-instrumented finite theo-
ries in which the dynamics of representation is directly
measurable. (Appendix H gives the full treatment.)

VIII. DISCUSSION

Synthetics names the common problem that these con-
structions share: how lawful structure is produced, trans-
formed, and partially lost when a description is changed.
The projection-operator formalism, the renormalisation
group, effective field theory, information geometry, quan-
tum reconstruction programmes, and contextuality co-
homology each engage this problem; they differ in en-
try point and vocabulary, not in the structural question.
The synthetic decomposition SC(Gµ) = (qs,Ks,∆C) is
one operational framework inside that discipline: a repre-
sentation absorbs some antecedent structure as null law,
retains some as visible cost, and leaves the rest as clo-
sure residue whose composition identity (15) ensures it
is transportable rather than arbitrary.

Every physical variable is a coarse image of phenom-
ena richer than itself; every equation governs one level in
a hierarchy that extends above and below. This is the
normal condition for physics, and the consistency condi-
tions it imposes on law-forms are operative in every equa-
tion in use. Their answer is the forced triage (11): what
closes exactly becomes the null law; what remains visible
is priced by Ks; what cannot be absorbed or retained is
the closure residue. The KL functional is the invariant
content across every change of partition; the free-energy
functional is its expression once visible constraints are
added.

The modes of that residue are the modes of effective
physics (Proposition 6, Appendix C). Renormalisation-
group flow is absorbable scalar residue [11, 20, 48]: the
running of couplings is the scale-by-scale absorption of
antecedent structure into the null potential. Memory
kernels are nonlocal residue [9, 10, 17]: the past of the
hidden degrees of freedom is not gone, only unrepre-
sented. Emergent order parameters are coherent unre-
solved residue [21, 22]: structure that survives coarse-
graining with internal phase relations intact. Gauge
freedom is reconstruction residue [26, 27]: the ambigu-
ity in lifting coarse states back through the fibre. En-
tropy is the scalar bookkeeping of structure that closes

exactly [1, 49]. These are the algebra of what closure
failure can look like, exhausted by the triage condition
and the coherent composition law (15).

Four levels of partition-dynamics commutation organ-
ise the framework’s range. Equilibrium is exact com-
mutation: partition and dynamics agree on the station-
ary law, residue is zero, and the order of operations
leaves no trace. Effective physics is structured non-
commutation: residue is nonzero, coherent, and classi-
fiable by the modes of Section III. Quantum mechanics
is self-similar non-commutation: the partition-dynamics
obstruction stabilises at a non-trivial spectral fixed point
rather than flowing to zero. The canonical commutator
[Q,P ] = iℏ is the algebraic signature of that fixed point—
the form taken by the residue when it has become univer-
sal, scalar, and central. One structural demand produces
two regimes: where order independence holds, the KL
form is forced; where it fails globally, noncommutativity
is forced. These are two limiting behaviours of the same
partition-dynamics consistency condition, not separate
axiom systems.

The reflexive character of the framework carries the
sharpest consequence. A theory of Ω is a finite register
R ⊂ Ω, subject to the same triage as everything it de-
scribes. When the consistency conditions close the loop
on the observer—when the act of distinguishing outcomes
is itself a coarse-graining subject to the same calculus—
self-consistent closure requires residue. The observer has
a finite partition; its distinguishable elements are exactly
that, and no finer; no finite description absorbs the con-
sequences of applying its own coarse-graining to itself
without remainder. Quantum mechanics is the case in
which this loop has a stable, rigid closure (Appendix G).
Its universality and rigidity are evidence that the loss
is structured. The Hilbert-space formalism is the alge-
braic structure of self-consistent description at a non-
trivial spectral fixed point—a structural identification
rather than a derivation from coarse-graining alone. The
Born rule, complex amplitudes, and the specific alge-
bra of observables are the contents of that fixed point,
addressed by the full theory. The relational [50] and
Bayesian [51] traditions in quantum foundations pursue
the same structural claim from different starting assump-
tions; the present framework supplies a derivation of the
structural claim itself.

Thermodynamics, rate-distortion theory [3], the infor-
mation bottleneck [5], Friston’s free-energy principle [16,
18], and Rissanen’s minimum description length [6] are
all instances of Result 2 under different choices of visi-
ble generator Ks (Fig. 5). They share a null law, a KL
cost, and a forced law-form because they are all varia-
tional descriptions of finite representations under order
independence. That apparently unrelated frameworks
are structurally identical under different choices of re-
tained observable is itself a headline result: the apparent
multiplicity of variational principles in physics, biology,
and information theory collapses to a single forced struc-
ture. Watanabe’s real log-canonical threshold [43, 44]
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is the dominant residue-mode eigenvalue in this frame-
work; neural scaling curves are self-similar residue decay
(Section VII).

A finite reflexive description cannot eliminate all
residue under self-application—this follows directly from
the triage. The remaining open problems are the next
residues to be classified: uniqueness theorems need ex-
tension to continuous settings requiring additional regu-
larity [52, 53]; the non-convex null-law case—symmetry
breaking, phase coexistence [54]—requires a branch-
selection principle; the spectral fixed-point characteri-
sation leaves open what determines the algebra of dis-
tinguishable events at that fixed point [28, 32, 33, 55];
and the prediction that residue-class transitions correlate
with structured features of the loss curve [41, 42, 47] is
a falsifiable experimental claim awaiting controlled per-
turbation studies.
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Appendix A: KL and free-energy derivations

This appendix proves Results 1 and 2 and establishes
contraction closure of the free-energy family.

1. Local ratio form

Proposition 1 (Local ratio form). For finite positive
distributions p, q satisfying relabelling invariance and
atomwise locality, the scalar law-content has the form

I(p∥q) =
∑
i

pi φ

(
pi
qi

)
(A1)

for a continuous function φ on R+.

Proof. Atomwise locality gives I(p∥q) = ∑
i ℓ(pi, qi) with

a common density ℓ. For fixed ratio r = a/b define
gr(t) = ℓ(rt, t). Neutral refinement: splitting a cell of
q-mass t1 + t2 into two neutral subcells with q-masses
t1, t2 and the same ratio r gives

gr(t1 + t2) = gr(t1) + gr(t2).

Continuity forces gr(t) = t gr(1), so ℓ(a, b) = aφ(a/b)
with φ(r) = gr(1)/r.

2. KL uniqueness under staged elimination

Proposition 2 (KL uniqueness). For finite positive dis-
tributions satisfying the local-ratio form of Proposition 1,
the staged-elimination chain rule (8) forces

I(p∥q) = C
∑
i

pi log
pi
qi
. (A2)

Proof. Refine coarse state i into conditional alternatives
j: set pij = pirj|i, qij = qisj|i, ai = pi/qi, bj|i = rj|i/sj|i.
The direct fine content is

∑
ij pirj|i φ(aibj|i). The chain

rule requires this to equal∑
i

pi φ(ai) +
∑
i

pi
∑
j

rj|i φ(bj|i)

for all positive refinements.
Step 1: φ(1) = 0. Apply neutral refinement: set

bj|i = 1 for all j, i (equal likelihood ratios in every con-
ditional cell). Then aibj|i = ai, so both sides reduce to∑

i piφ(ai), which forces
∑

i pi
∑

j rj|i φ(1) = 0 for every
admissible p, r. Choosing any nondegenerate p, r gives
φ(1) = 0.
Step 2: Isolate arbitrary a, b. Fix two arbitrary posi-

tive reals a, b. Choose a coarse description with a single
nontrivial state i = 1 with ratio a1 = a. Refine state
1 into two sub-states j = 1, 2 with conditional weights
r1|1 = ϵ, r2|1 = 1− ϵ for small ϵ > 0, and conditional ra-
tios b1|1 = b, b2|1 = 1. All other coarse states are refined
neutrally.

Step 3: Apply chain rule and solve. The chain rule
equation for this refinement reads, after cancelling neu-
tral terms,

ϵ φ(ab) + (1− ϵ)φ(a) = φ(a) + ϵ φ(b) + (1− ϵ)φ(1).

Using φ(1) = 0 and cancelling (1 − ϵ)φ(a) from both
sides:

ϵ φ(ab) = ϵ φ(a) + ϵ φ(b).

Dividing by ϵ > 0 gives

φ(ab) = φ(a) + φ(b) for all a, b ∈ R+.

Since a and b were arbitrary, this holds on all of R+.
Continuity forces φ(a) = C log a. Positivity forces C ≥ 0;
nontriviality fixes C > 0.

The results align with the Csiszár characterisation of
f -divergences [52] and the functorial characterisations of
[53, 56]. The setting here is strictly finite and positive-
support; extensions to measurable spaces require domain
and regularity conditions beyond the scope of this paper.

3. Free-energy law-form

Proposition 3 (Free-energy law-form). For finite states
with compatible support and M > 0, the unique staged-
elimination law-content combined with visible constraints
⟨Ai⟩p = ai gives the variational family

Fs[p] = ⟨K⟩p +MDKL(p∥q) (A3)

with generator K =
∑

i giAi and minimiser p∗(x) ∝
q(x) exp[−K(x)/M ].

Proof. With KL law-content and Lagrange multipliers gi
and α, the Euler equation gives M(log p − log q) +K +
α = 0, hence p∗ ∝ q exp[−K/M ]. Substituting back
gives minimum free energy F∗ = −M logZ with Z =∑

x q(x)e
−K(x)/M .

4. Contraction closure

Proposition 4 (Contraction closure). For a finite
coarse map π : X → Y with decomposition qX(x) =
qY (y) qX|Y (x|y), the fibre contraction of the free-energy
functional is again a free-energy functional:

inf
π∗pX=pY

FX [pX ] =
∑
y

pY (y)Eeff(y) +MDKL(pY ∥qY ),

(A4)
where

Eeff(y) = −M log
∑
x∈Xy

qX|Y (x|y) e−EX(x)/M . (A5)
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Proof. Apply the KL chain rule to decouple the condi-
tional minimisation over fibres. At fixed pY , minimising
over p(·|y) for each y gives the Gibbs conditional

p∗(x|y) = qX|Y (x|y) e−EX(x)/M∑
x′∈Xy

qX|Y (x′|y) e−EX(x′)/M
.

Substituting gives the effective energy Eeff(y) as stated,
and the remaining pY -minimisation is exactly a free-
energy problem with generator Eeff .

Contraction closure is the precise content of vertical
covariance of law-form: eliminating hidden refinements
does not change the kind of law, only the generator and
its coordinates. Ordinary renormalisation-group cou-
pling flow is the induced flow of K within this invariant
free-energy family (Appendix D).

5. Rate-distortion and information bottleneck as
special cases

The free-energy family (10) subsumes two foundational
information-theoretic optimisation frameworks.

a. Rate-distortion. Shannon’s rate-distortion prob-
lem [3] asks for the minimum mutual information

I(X; X̂) achievable over encoders p(x̂|x) subject to a dis-

tortion constraint E[d(X, X̂)] ≤ D. The Lagrangian over
encoders is

LRD[p(x̂|x)] = I(X; X̂) + β E[d(X, X̂)], (A6)

which expands as
∑

x p(x)
[
DKL(p(x̂|x)∥p(x̂)) +

β⟨d(x, x̂)⟩p(x̂|x)
]
. This is exactly Fs[p(x̂|x)] with

qs = p(x̂) (the encoder marginal serving as the null
law) and K = βd(x, x̂) as the visible cost function.
Rate-distortion theory is the free-energy law-form with
the distortion measure as visible generator and the
marginal as null law.

b. Information bottleneck. The information bottle-
neck [5] compresses X to a representation T while pre-
serving information about a relevant variable Y . Its La-
grangian is

LIB[p(t|x)] = I(T ;X)− β I(T ;Y ). (A7)

The first term I(T ;X) =
∑

x p(x)DKL(p(t|x)∥p(t)) is
again M DKL(p∥qs) with qs = p(t) as null law and
M = 1. The second term −βI(T ;Y ) imposes a visi-
ble constraint: retain information about Y . Writing the
mutual information as an expectation of log-likelihood
ratios, −βI(T ;Y ) = β

∑
t,y p(t, y)[log p(y) − log p(y|t)],

the constraint enters as a visible generator KIB(t) =
−β

∑
y p(y|t) log p(y|t) + const: the visible cost of the

representation is its reduction of uncertainty about Y .
The IB is the free-energy law-form with information rel-
evance as visible generator and the encoder marginal as
null law.

Both frameworks inherit the chain-rule requirement
that forced KL in the first place; neither is a modelling
choice grafted onto the free-energy functional. They dif-
fer only in the choice of visible generator Ks. The null
law in both cases is the marginal produced by the en-
coder, which is precisely the pushforward of the source
law through the coarse-graining—the recursively gener-
ated null law of Definition 1.

Appendix B: Null laws and kinetic/potential split

1. Recursive null-law projection

The null law at each scale is defined recursively by
the coarse-graining operation itself. Let Ns denote the
admissible class at scale s: the set of distributions com-
patible with the partition and its defining constraints,
and no others.

Definition 1 (Null law). The null law qs at scale s is

qs = argmin
q∈Ns

DKL(C∗qs−ds∥q) , (B1)

where C∗qs−ds is the push-forward of the antecedent null
law through the coarse-graining C.

At a self-similar fixed point q∗ = P(C∗q∗), where P de-
notes projection onto Ns, the null law is self-consistently
the baseline produced by the scale’s own coarse-graining.
The null law at the finest scale (the ground-level descrip-
tion) is the uniform distribution over the primitive al-
ternatives, which is the only distribution in N when no
constraints are available.
The null law is not a prior in the Bayesian sense. It

is not chosen before evidence or placed externally by an
agent. It is the output of the same projection operation
that defines the scale.

2. Inherited null potential

Write the null law in exponential form:

qs(x) =
1

Z
(0)
s

exp
[
−V (0)

s (x)/M
]
. (B2)

The inherited null potential V
(0)
s = −M log qs encodes

the accumulated effect of all antecedent laws that have
been successfully absorbed into the current-scale back-
ground through repeated projection.
At each new scale:

1. The antecedent null law qs−ds is pushed forward to
q̂s = C∗qs−ds.

2. q̂s is projected onto Ns to give qs.

3. V
(0)
s = −M log qs is the null potential at the new

scale.
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Any antecedent structure that cannot be represented
within Ns after this projection contributes to the closure
residue ∆s, not to the null potential.

The compact identity is:

∆V (0)
s = −M logZconditional = ⟨Khidden⟩+MHconditional,

(B3)
where Hconditional is the Shannon entropy of the hidden
conditional. Entropy is the scalar bookkeeping of struc-
ture that can be absorbed into the null potential without
closure residue.

3. Path formulation and the kinetic/potential split

The kinetic-potential split follows from applying the
free-energy construction to path-space rather than in-
stantaneous state-space.

For a path x(t) over the interval [0, T ], the effective
action selecting physical trajectories decomposes as

As[path] = Ts[path] + Vs[path], (B4)

where:

• Ts[path] is the transport cost of the trajectory given
the admissible null dynamics: the kinetic contri-
bution from allowed transitions of the represented
variables.

• Vs[path] is the occupancy cost relative to the null
law: the integrated KL weight of the trajectory
against the scale-s background.

Both contributions arise from the same free-energy
construction applied to measures over paths. The split is
not assumed as a primitive mechanical dichotomy (“ki-
netic” and “potential” energy as independent inputs). It
is induced by self-consistent coarse-graining.

Kinetic component. The null dynamics determines
which transitions between represented states are admis-
sible and at what rate. The transport cost Ts mea-
sures deviation from those admissible null transitions.
In a Hamiltonian system this recovers the familiar ki-
netic energy (cost of motion given the metric); in an open
or stochastic system it gives the appropriate path-space
transport term.

Potential component. The total effective potential is

V eff
s (x) = V (0)

s (x) +Ks(x), (B5)

with inherited null potential V
(0)
s and visible deforma-

tion Ks. Effective potentials produced by RG integration
of hidden degrees of freedom are inherited null-potential
components, not primitive energies.

Temperature. The scale M relates the two compo-
nents: it is the ratio of potential to kinetic cost in the
free-energy functional. In the standard thermodynamic
context, M = kBT . In more general settings, M is the
scale parameter of the law-content.

4. Connection to the free-energy principle and
MDL

Free Energy Principle. Friston’s free-energy princi-
ple [16, 18] proposes that adaptive biological systems
minimise a variational free energy F = Eq[log q(s) −
log p(s, µ)], where s are hidden causes, µ are sensory
signals, and q is the agent’s internal model. This
equals DKL(q∥p(·|µ))− log p(µ): precisely the forced law-
form (10) with qs = p(·|µ) as null law and K = − log p(µ)
as visible generator. The FEP is the free-energy law-form
applied to the agent’s own Markov blanket [16], which is
a Markov blanket partition of the state space—a spe-
cial case of the closure condition (2) restricted to the
agent’s sensory-motor boundary. The present derivation
provides the axiomatic grounding the FEP has sought:
the variational free energy is not a modelling choice but
the unique scalar comparison forced by staged elimina-
tion.
Minimum description length. Rissanen’s minimum

description length principle [6] selects models by the code
length of the model plus the code length of the data given
the model. In the closure-residue framework, the code
length of the model is Ks (the cost of retained complex-
ity above the null background) and the code length of
the data given the model is M DKL(p∥γs) (the residual
complexity relative to the model’s distribution γs). The
MDL-optimal model is therefore the minimiser of the
forced law-functional (10): MDL is staged-elimination
inference. The “minimum description length” is the min-
imum cost of retained complexity, which is exactly what
Fs measures.

Appendix C: Closure residue algebra

1. Composition proof

Proposition 5 (Closure-residue composition). For the

scale tower X0
C01−−→ X1

C12−−→ X2 with generators
G0, G1, G2, the two-step closure residue satisfies

∆C02 = C12 ∆C01 +∆C12 C01. (C1)

Proof. Expand ∆C02 = C12C01G0 − G2C12C01 and add
and subtract C12G1C01:

∆C02 = C12(C01G0 −G1C01) + (C12G1 −G2C12)C01

= C12 ∆C01 +∆C12 C01.

The identity holds for linear generators on arbitrary
vector spaces. For stochastic kernels it holds because
they act linearly on signed measures. For differentiable
nonlinear coarse maps and vector-field generators, the
corresponding tangent-map identity is ∆C02(x) = TC12 ·
∆C01(x) + ∆C12(C01x). Numerical verification on 3 × 3
random matrices gives residual 3.93× 10−17.
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Cocycle interpretation. The composition law (C1)
has the structure of a 1-cocycle in the cochain complex
of coarse-graining maps [26, 28]. Define the cobound-
ary operator (δR)02 = C12R01 − R02 + R12C01. The
composition identity says that ∆C is a closed 1-cochain:
the residue distributes coherently over scale composition.
This is why residue does not merely add as scalar noise:
it is carried by the subsequent coarse-graining maps.

2. Canonical residue decomposition

Let C : V → W be a coarse-graining map and
C+ : W → V a right-inverse, CC+ = IW . Define the
retained projection P = C+C and hidden projection
Q = IV − P . Let Gµ and GM be the fine and coarse
generators.

Proposition 6 (Canonical residue decomposition). The
closure residue ∆C = CGµ −GMC decomposes as

∆C = AC + CGµQ, (C2)

where A = CGµC
+ −GM : W → W is the retained mis-

match and CGµQ : V → W is the hidden coupling.

Proof. Substitute IV = C+C +Q:

CGµ = CGµC
+C + CGµQ.

Subtracting GMC gives ∆C = (CGµC
+ − GM )C +

CGµQ = AC + CGµQ.

The decomposition is independent of the choice of C+:
any two right-inverses agree on imC, and their difference
lies in kerC, which is annihilated by C in the first term
and by Q in the second.
Retained modes. The map A = CGµC

+ − GM acts
entirely on the coarse space W . Its structure relative to
the eigenbasis of GM classifies the retained residue into
three exhaustive types:

R1. Scalar retained residue: A = λIW . The shift
GM 7→ GM + λIW absorbs the residue; no new
structure is introduced. This is renormalisation-
group coupling flow: the running of a coupling con-
stant is precisely a scale-by-scale scalar absorption
of retained residue into the null potential.

R2. Diagonal retained residue: A diagonal in the
GM -eigenbasis, non-scalar. The residue modifies
the eigenvalue spectrum of GM—altering transi-
tion rates between coarse modes—without coupling
them. This is kinetic or frictional correction in
open-system dynamics.

R3. Off-diagonal retained residue: A has off-
diagonal entries in the GM -eigenbasis. New cou-
plings between distinct coarse modes are intro-
duced; the retained structure acquires correlations
not present in GM . This is the appearance of an
emergent order parameter or new field [21, 22].

Hidden modes. The term CGµQ couples the retained
evolution to the hidden subspace. The exact Nakajima-
Zwanzig identity [9, 17] applied to the splitting (P,Q)
gives

d

dt
Px(t) = PLPx(t)

+

∫ t

0

PLe(t−s)QLQLPx(s) ds+ PLetQLQx(0), (C3)

where L is the full generator. The first term is the closed
retained part; the remaining two are the two hidden
modes:

H1. Memory kernel (nonlocal residue). The inte-

gral
∫ t

0
K(t− s)Px(s) ds with K(τ) = PLeτQLQL

captures the systematic influence of the past re-
tained state via the hidden degrees of freedom.
No Markovian generator on W alone can repro-
duce this term; the coarse description is intrinsi-
cally non-Markovian.

H2. Initial-condition noise (incoherent residue).
The term PLetQLQx(0) depends on the initial hid-
den state Qx(0), which is uncontrolled relative to
any preparation of Px(0). This is the fluctuating
force in the Langevin sense [24, 25].

Under scale separation (γ ≫ |u̇/u|) the memory kernel
contracts to a scalar, converting H1 into R1; the explicit
calculation is in Appendix D.
Geometric modes. Two further modes arise from the

geometry of the fibration C : V → W , independently of
the generator structure.

G1. Reconstruction ambiguity (gauge residue).

The right-inverse C+ is not unique: any C̃+ =
C+ + Φ with CΦ = 0 is also a right-inverse.
The field Φ defines a connection on the fibration
V → W ; a non-flat connection produces holonomy.
When a coarse path is lifted to the fine level, dif-
ferent choices of section yield different fine trajec-
tories above the same coarse one. This is gauge
freedom [26, 27].

G2. Spectral incompatibility (spectral residue).
Let C1, C2 be two independent coarse-grainings of
the same fine system with retained projectors P1 =
C+

1 C1 and P2 = C+
2 C2. If [P1, P2] ̸= 0, no classical

probability distribution on V simultaneously rep-
resents both coarse statistics: joint representabil-
ity fails [28, 29]. When the fine-level dynamics it-
self forces non-commuting retained projectors—as
in the spectral fixed-point analysis of Section VI—
this residue is unavoidable.

Corollary 1 (Exhaustiveness). Every mode of unab-
sorbed closure residue falls into one of the seven classes
R1, R2, R3 (retained), H1, H2 (hidden), or G1, G2
(geometric).
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The decomposition (C2) partitions ∆C ; R1–R3 exhaust
the spectral classification of A; H1–H2 exhaust the ex-
act Nakajima-Zwanzig splitting of the hidden component;
G1–G2 exhaust the fibration geometry. No residue can
fall outside these seven classes.

Appendix D: Worked examples

1. Ising decimation: RG as generator flow

Decimate the middle spin in a three-spin Ising block
with generator K(s1, e, s2) = −J(s1e + es2), retaining
variables (s1, s2). The effective generator is given by con-
traction closure (Proposition 4):

Keff(s1, s2) = −M log

[
2 cosh

(
J(s1 + s2)

M

)]
. (D1)

Projecting onto the retained basis {1, s1s2} gives the one-
step coupling flow

J ′ =
M

2
log cosh

(
2J

M

)
. (D2)

For the full one-dimensional chain, repeated decimation
gives

tanh k′ = tanh2 k, k = J/M, (D3)

with all finite-temperature trajectories flowing to k∗ = 0.
The free-energy law-form is preserved at every step.

Only the coupling coordinate k changes. This confirms
the contraction-closure property: RG is generator flow
within the invariant free-energy family, not a modifica-
tion of the family itself. The logarithm appears in (D1)
for the same reason it appears in the law-content: it is
the generator flow inside the invariant form.

In tanh coordinates x = tanh k, the recursion reduces
to the squaring map x 7→ x2: a linear (self-similar) map
in log-coordinates, the same conformal scaling structure
as the spiral in Fig. 4.

2. Two-mode open system: nonlocal closure
residue

Let the fine state be (u, v) with u retained and v hid-
den. Take the generator

Gµ =

(
0 a
−b −γ

)
, γ > 0. (D4)

The coarse map is C = (1, 0). For any scalar macro-
generator GM ,

∆C = CGµ −GMC = (−GM , a). (D5)

No choice of scalar GM eliminates the a component when
a ̸= 0: this is nonlocal closure residue (mode H1 of
Proposition 6).
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FIG. 10. Ising RG as conformal map (appendix
figure). Left: Cobweb diagram for the 1D Ising recursion
k′ = 1

2
log cosh(2k). Right: In tanh coordinates the recursion

is the squaring map x 7→ x2, which is linear in log-coordinates.
The logarithm appears because it is the generator flow inside
the invariant free-energy form.

Solving for v(t) and substituting into the u-equation
gives

u̇(t) = ae−γtv(0)− ab

∫ t

0

e−γ(t−s)u(s) ds. (D6)

The first term is transient noise from the hidden initial
condition; the second is an exponential memory kernel.
This is the Nakajima-Zwanzig structure [9, 17] at the
level of the two-mode example.
In the scale-separated limit γ ≫ |u̇/u|, the kernel con-

tracts: ∫ t

0

e−γ(t−s)u(s) ds ≈ 1

γ
u(t), (D7)

giving u̇(t) ≈ −(ab/γ)u(t). The Markovian generator
GM ≈ −ab/γ is the scale-separated compression of the
nonlocal residue into an absorbable scalar term. This
illustrates mode 3 (nonlocal residue) transitioning to
mode 1 (absorbable scalar) under scale separation: the
microscopic mechanism behind nearly all effective dissi-
pative dynamics.
The full Nakajima-Zwanzig identity is:

d

dt
Px(t) = PLPx(t) +

∫ t

0

PLe(t−s)QLQLPx(s) ds

+ PLetQLQx(0), (D8)

where P projects onto retained observables and Q = 1−
P . The first term is the closed retained generator; the
integral is the memory kernel; the final term is noise from
initial hidden-variable values. These correspond precisely
to modes R1, H1, and H2 of the canonical decomposition
(Proposition 6).

Appendix E: Equilibrium, symmetries, and
conserved algebras

1. Stationarity versus equilibrium

The standard definition of equilibrium is stationarity:
Gsγs = 0. This is necessary but not sufficient. A state
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can be stationary within a model while maintaining it-
self through hidden fluxes, unresolved memory, or scale-
specific cancellations that do not survive a change of de-
scription.

In the present framework, equilibrium requires addi-
tionally that the stationary law closes without residue:

Gsγs = 0 and ∆C γs = 0. (E1)

A driven steady state is stationary (Gsγs = 0) but not in
equilibrium because it requires a continuous flow of hid-
den variables (heat baths, driving forces, environmental
gradients) that would be visible at a finer description;
this flow appears as ∆C γs ̸= 0 at that finer level.
The null law qs is the equilibrium law of the scale-

defining constraints: it is the minimally informative sta-
tionary law compatible with the current partition. The

Gibbs law γs ∝ exp[−(Ks + V
(0)
s )/M ] is the equilibrium

of the full set of retained constraints. Both are equilibria;
the difference is which constraints are enforced.

2. Entropy as absorbable structure

When hidden structure is eliminated, it either becomes

part of the null potential V
(0)
s (absorbed into the back-

ground, contributing to thermodynamic work terms) or
leaves closure residue ∆s.

The absorbed part is the entropy of the hidden condi-
tional:

∆V (0)
s = −M logZconditional = ⟨Khidden⟩+MHconditional,

(E2)
where Hconditional is the Shannon entropy of the hidden
variables conditional on the retained ones.

Entropy is therefore not a measure of ignorance in
an epistemological sense. It is the scalar bookkeeping
of structure that can be absorbed into the null poten-
tial without closure residue. Entropy derivations from
maximum-entropy and large-deviation principles [1, 8,
49] are special cases of this absorption construction. The
thermodynamic interpretation of entropy as absorbed
hidden structure aligns with stochastic-thermodynamic
treatments of driven steady states [30, 31]: the irre-
versible work done on a driven system is precisely the
rate at which the hidden flux generates closure residue
that cannot be absorbed into a stationary null law.

3. Partition-relative symmetry

At a fixed partition, the theory has a family of hori-
zontal symmetries: coordinate changes, basis rotations,
canonical transformations. These preserve the set of dis-
tinctions the theory makes.

Changing the partition changes which symmetries ex-
ist. A coarse-graining C declares fine distinctions in-
side fibres to be invisible. Transformations g satisfying

C g = gM C

X X

XM XM

g

C C

XM

gM

symmetry descends

Descended symmetry

C g = C

X X

XM XM

g

C C

(invisible)

fib
re

redundant at coarse scale

Fibre-invisible symmetry

no gM closes the diagram

X X

XM

g

C

C

XM

?
residue = emergence

Emergence (failed descent)

FIG. 11. Transported symmetry, fibre-invisible sym-
metry, and failed closure (appendix figure). Left:
Fine symmetry satisfying Cgµ = gMC; transported symme-
try. Centre: Fine transformation satisfying Cgµ = C; fibre-
invisible, becomes gauge redundancy. Right: No gM closes
the diagram; failed closure—residue is emergence.

Cg = C move within fibres and are gauge-like from the
coarse point of view.

Definition 2 (Symmetry transport). A fine symmetry
gµ is partition-covariant if there exists gM with Cgµ =
gMC. It is gauge-like from the coarse point of view if
Cgµ = C. Closure fails if no gM closes the commuting
square; the symmetry is fibre-invisible or produces emer-
gence at the coarser level.

The three cases produce:

1. Cgµ = gMC for some gM : the symmetry is trans-
ported symmetry and remains a symmetry of the
coarser theory.

2. Cgµ = C: the transformation is fibre-invisible, a
gauge redundancy at the coarse level.

3. No gM makes the diagram commute: failed closure.
The closure residue of the symmetry is emergent
structure at the coarser scale.

Emergence is the specific algebraic failure of the com-
muting square, not a vague appeal to novelty.
Symmetry breaking versus symmetry emergence.

Symmetry breaking refers to a symmetric law whose se-
lected state is not symmetric. Symmetry emergence
(case 3 above) refers to a fine symmetry that fails to
transport to the coarser level. Both are possible simulta-
neously.

4. Dual closure residue and conservation laws

The dual closure residue

∆C
† = G†

µC
∗ − C∗G†

M (E3)

measures the failure of a macro integral of motion to lift

to a true micro integral. For G†
MIM = 0,

G†
µC

∗IM = ∆C
†IM . (E4)
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A macro conservation law ∂t⟨IM ⟩ = 0 holds at the coarse
level, but the lifted observable C∗IM is not conserved at
the fine level unless ∆C

†IM = 0.
The set of integrals at scale s forms an algebra (closed

under Poisson bracket or operator commutator). Chang-
ing scale changes which observables are available as in-
tegrals. Emergence is the appearance, disappearance,
or incompatibility of conserved algebras under partition
change: the closure residue of the transport of integrals
of motion.

Integrable systems and MBL. In integrable systems,
a large algebra of local integrals of motion survives ar-
bitrary coarse-grainings in certain representations (the
action variables of a classically integrable system) [54].
In many-body localised phases, approximate local inte-
grals of motion are the effective conserved quantities at
each scale of the disorder structure. The dual closure
residue ∆C

†Is measures the rate at which a local integral
fails to remain conserved under vertical coarse-graining.
Small ∥∆C

†Is∥ is the precise condition for approximate
closure of a conserved quantity across scale. This con-
nects to the causal-emergence framework [22]: a coarse
description has higher causal power when its integrals of
motion close more tightly under the coarse dynamics, i.e.
when ∥∆C

†Is∥ is small.

Appendix F: Reconstruction, gauge, holonomy, and
spectral residue

1. Affine reconstruction freedom

A coarse-graining C : Xµ → XM discards distinc-
tions. Recovering them requires a reconstruction map
R : XM → Xµ satisfying

CR = IM . (F1)

If R is one such map and N : XM → Xµ satisfies CN = 0
(N maps into the kernel of C), then R′ = R +N is also
a valid reconstruction.

Proposition 7 (Affine reconstruction bundle). For a
fixed linear coarse map C, the set of right inverses
Sec(C) = {R : CR = IM} is either empty or an affine
space modelled on Vert(C) = {N : CN = 0}.
Proof. If R,R′ ∈ Sec(C), then C(R′−R) = 0, so R′−R ∈
Vert(C). Conversely, C(R+N) = CR+CN = IM +0 =
IM for any N ∈ Vert(C).

The hidden object is not a catalogue of primitive val-
ues; it is the affine space of admissible liftings.

2. Gauge as self-similar reconstruction freedom

Two reconstructions R and R′ = R + N are gauge-
equivalent if both produce the same coarse law: the dif-
ference N is physically redundant given the coarse law-
content.

Definition 3 (Gauge). Gauge freedom is reconstruc-
tion freedom constrained by preservation of coarse law-
content.

Gauge invariance in electrodynamics, Yang-Mills the-
ory, or gravity corresponds to the physical statement that
coarse predictions are invariant under the relevant class
of fine-level rearrangements. Principal-bundle structure
requires additionally a group GC = {U : CU = C} act-
ing freely and transitively on admissible sections. The
affine bundle (Proposition 7) is the underlying structure;
naming GC gives the principal bundle.

3. Holonomy from imperfect reconstruction
transport

To compare reconstruction choices at neighbouring
representations ri in a space of representations R, a con-
nection is needed. Let

Di = ∂i +Ai, (F2)

where Ai encodes how admissible reconstruction choices
rotate as the representation changes. The curvature is

Ωij = [Di, Dj ] = ∂iAj − ∂jAi + [Ai, Aj ]. (F3)

Around a closed loop γ in representation space, the
holonomy is

Uγ = P exp

∮
γ

A. (F4)

When a compact one-dimensional reversible sector is iso-
lated, this reduces to Uγ = eiθγ : the phase accumulated
by transporting a reconstruction choice around a closed
loop.
Perfect self-similarity of reconstruction (exact gauge

invariance) gives flat connection: Ωij = 0 and Uγ =
1. Imperfect self-similarity gives nonzero curvature and
nontrivial holonomy. The Berry phase and its non-
Abelian extension [27, 57, 58] are recovered as special
cases in which the space of representations is the space
of adiabatic parameters and the reconstruction fibre is a
Hilbert-space bundle.
Closure residue and curvature are distinct objects.

Closure residue (∆C ̸= 0) is closure failure at the repre-
sentational level. Curvature (Ω ̸= 0) appears only after a
connection on reconstruction choices has been specified.
Do not equate them.

4. Noncommuting erasures and spectral closure
residue

Spectral closure residue can arise from classical coarse-
graining without invoking quantum mechanics. Let the
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fine space be Ω = {1, 2, 3}. Description A identifies {1, 2}
and leaves {3} alone:

ΠA =

1/2 1/2 0
1/2 1/2 0
0 0 1

 . (F5)

Description B leaves {1} alone and identifies {2, 3}:

ΠB =

1 0 0
0 1/2 1/2
0 1/2 1/2

 . (F6)

Both operations are classical averaging. Nevertheless,

[ΠA,ΠB ] =

 0 −1/4 1/4
1/4 0 −1/4
−1/4 1/4 0

 ̸= 0, (F7)

with Frobenius norm 0.612. Incompatible lossy descrip-
tions produce noncommuting projection-reconstruction
operations when their erased distinctions are incompati-
ble. The commutator norm is the finite spectral closure
residue of the pair of descriptions.

When descriptions are spectrally incompatible, there
is no single joint distribution over the primitive proper-
ties visible to both. The natural calculus is then states
as positive normalised functionals over a noncommuta-
tive algebra—in finite dimensions resembling density-
operator calculus with sequential update taking the pro-
jection form ρ 7→ ΠAρΠA/Tr(ρΠA). This paper does not
derive the Born rule [59]; it locates the structural reason
to expect noncommutative probability before additional
axioms are supplied.

5. Infinitesimal residue density: full derivation

Following (22)–(25), expand the finite-step closure
residue:

Cs→s+δs Gs = Gs + δsLsGs +O(δs2), (F8)

Gs+δs Cs→s+δs = (Gs + δs Ġs)(I + δsLs) +O(δs2)

= Gs + δs(Ġs +GsLs) +O(δs2). (F9)

Subtracting:

∆C
s→s+δs = δs(LsGs −GsLs − Ġs) +O(δs2)

= δs([Ls, Gs]− Ġs) +O(δs2). (F10)

The residue density is ωs = [Ls, Gs] − Ġs. If Ds =
∂s − ad(Ls) is the covariant scale-derivative, this is ωs =
−DsGs. Exact differential closure is DsGs = 0: the
generator is parallel-transported by the coarse-graining
connection and leaves no residue.

6. Two-level spectral calculation

For Gs = ∆
2 σz and ωs = κσx, define the spectral con-

nection (off-diagonal residue over spectral gap):

Bs = i
κ

∆
σy. (F11)

Check: [Bs, Gs] = [i(κ/∆)σy, (∆/2)σz] = −κσx = −ωs.
✓
With Π+ = (1 + σz)/2, the transported projector is

Π+(s+ δs) = Π+(s) + δs[Bs,Π+] +O(δs2)

= Π+(s)− δs
κ

∆
σx +O(δs2). (F12)

Therefore

[Π+(s), Π+(s+ δs)] = −i δs
κ

∆
σy +O(δs2), (F13)

and

lim
δs→0

[Π+(s), Π+(s+ δs)]

δs
= −i

κ

∆
σy. (F14)

The commutator density is finite; the raw commutator
vanishes. The dimensionless spectral residue ratio is χs =
κ/∆. When χs → 0, spectral frames become asymptoti-
cally compatible (classical closure). When χs → χ∗ ̸= 0,
adjacent-scale descriptions differ infinitesimally but their
spectral-frame rotation rate is finite and scale-stable:
self-similar spectral residue.

Appendix G: Quantum-like fixed points

1. Self-similar residue dynamics

The residue density ωs is itself subject to scale evolu-
tion. Let Rs be the space of residue densities at scale s
and Ss : Rs → Rs+ds the residue RG map.
Classical closure corresponds to the trivial fixed point

ω∗ = 0: the residue decays under scale evolution and
the system achieves classical autonomy in the limit.
Quantum-like closure corresponds to a nontrivial fixed
point:

ω∗ ̸= 0, S(ω∗) = ω∗. (G1)

At this fixed point the failure of classical closure is itself
governed by a self-similar law. The spectral noncommu-
tativity produced by the off-diagonal part of ω∗ is not
a transient perturbation; it is a stable, scale-invariant
feature of the algebra of descriptions.
More general self-similar residue structures include:

anomalous scaling (ωs ∼ b−∆ω∗), limit cycles (ωs+T =
ωs), state-dependent fixed structures (ωs = ωs[ρ]), non-
Abelian curvature (Fab ̸= 0), and nonassociative higher
residue ([A,B,C] ̸= 0).
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2. Operational ℏ as fixed-point closure residue

When spectral closure residue reaches the nontrivial
fixed point, the off-diagonal residue density induces a
stable commutator algebra on observable pairs. Define
the operational closure-residue scale ℏop: the coefficient
converting stable spectral residue into an effective com-
mutator algebra.

For conjugate finite descriptions Q and P , classical
compatibility gives [Q,P ] = 0. At the quantum fixed
point, [Q,P ] = iℏop Ω(Q,P ) for a symplectic form Ω.
Ordinary quantum mechanics is the special case in which
ℏop becomes scalar, central, and universal:

ℏop(s, ρ, C,R) → ℏ I. (G2)

A small loop in conjugate representation space returns
with phase

exp

(
− i

ℏ
ab

)
, (G3)

where ab is the enclosed phase-space action area. ℏ is the
quantum of action because it is the fixed-point scale of
irreducible representational residue. This identifies the
structural role of ℏ; it does not determine the numerical
value, which is set by physical content not representa-
tional calculus.

3. Classification of self-similar residue regimes

Table I organises the possible fixed-point and self-
similar residue structures. Ordinary quantum mechanics
is not the most general noncommutative theory of finite
description; it is the unusually rigid case where spectral
closure residue becomes scalar, central, universal, linear,
associative, and Hilbert-representable.

4. GKSL form as Markovian quantum closure
residue

When the spectral closure residue reaches the quan-
tum fixed point (ℏop → ℏI) and the residue dynamics is
required to be Markovian—no memory of past scales—
the generator of the residue semigroup is completely con-
strained. Gorini, Kossakowski, and Sudarshan [33] and
Lindblad [32] proved independently that the most gen-
eral generator of a completely positive trace-preserving
semigroup on an N -level system has the form

dρ

dt
= − i

ℏ
[H, ρ] +

∑
k

(
LkρL

†
k − 1

2{L
†
kLk, ρ}

)
, (G4)

where H is the Hamiltonian (the spectral generator Gs),
the Lk are jump operators, and {A,B} = AB + BA is
the anticommutator.

In the closure-residue framework this is the unique
Markovian quantum form:

• The Hamiltonian commutator −i[H, ρ]/ℏ is the
spectral generator with the fixed-point residue
χ∗ = ℏ/∆ folded in.

• The Lindblad terms
∑

k(LkρL
†
k − 1

2{L
†
kLk, ρ}) are

the incoherent residue modes—transitions between
spectral sectors that do not close as coherent off-
diagonal rotation.

The GKSL equation is not a phenomenological model
of dissipation; it is the algebraic consequence of requir-
ing that the quantum closure-residue semigroup be com-
pletely positive and Markovian. More general residue
structures (memory, non-Markovian, non-CP) arise when
these requirements are relaxed, recovering the Nakajima-
Zwanzig hierarchy (Appendix D) at the quantum level.
The Lindblad operators Lk are the jump operators

of the residue: each one corresponds to a coherent or
incoherent residue mode at the quantum fixed point.
When all Lk = 0, the GKSL equation reduces to the
Schrödinger (Liouville-von Neumann) equation: the fully
coherent quantum fixed point with no incoherent residue.

5. Nonclaims

The framework:

• Identifies the structural setting for quantum-like
behaviour as the nontrivial fixed point of self-
similar spectral closure residue.

• Shows why noncommutative probability is the nat-
ural calculus when finite scale-fixings are spectrally
incompatible.

• Identifies ℏ as the universal scalar fixed-point scale
of spectral closure residue.

• Identifies no-go theorems (Bell [34], Kochen-
Specker [29, 35]) as obstructions to a global com-
mon spectral frame—the impossibility of making
all reconstruction choices jointly flat.

The framework does not:

• Derive the Born rule [59].

• Reconstruct Hilbert space from first principles.

• Determine the numerical value of ℏ.

• Prove that all non-neutral scale fixing is quantum;
more general self-similar residue regimes are possi-
ble (Table I).

• Claim that all commutator structures reduce to
Hilbert-space quantum mechanics; standard quan-
tum mechanics is the rigid fixed point, not the most
general possible noncommutative theory.
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TABLE I. Self-similar residue regimes. Each row corresponds to a distinct scale-stable structure of the spectral closure residue.
Ordinary quantum mechanics is the rigid case in which the residue is scalar, central, universal, linear, associative, and Hilbert-
representable.

Residue flow Algebraic form Regime

ωs → 0 [A,B] → 0 Classical closure

ωs → ω∗, ℏop → ℏI [A,B] = iℏΩ(A,B) Ordinary quantum mechanics

ωs → ω∗, ℏop ̸∝ I [A,B] = iΘ(A,B) Noncanonical quantum-like theory

ωs ∼ b−∆ω∗ [A,B]s = iℏs Ω(A,B) Scale-anomalous quantum theory

ωs+T = ωs log-periodic commutator Discrete-scale quantum-like theory

ωs = ωs[ρ] [A,B]ρ = iΩρ(A,B) State-dependent / contextual theory

Fab ̸= 0 [Da, Db] = Fab Holonomic / gauge-like theory

[A,B,C] ̸= 0 nonzero associator Higher / nonassociative residue theory

The points where additional axioms would enter are:
the admissible structure group on reconstruction choices,
the algebra of observables, and the regularity of the
residue flow. The present contribution is to have
identified the structural reason to expect projector-
noncommutativity, not to have derived it from scratch.
Gleason’s theorem [59] and related results show what ad-
ditional assumptions can do once the appropriate projec-
tor structure is in place.

Appendix H: Scaling laws from closure-residue decay

This appendix provides technical details for the
closure-residue interpretation of neural scaling laws and
interpretability phase transitions.

1. Cross-entropy as KL residue

The training of a neural network can be viewed for-
mally as a finite-description closure problem. Given a
data distribution pdata and a parametrised model family
pθ, the standard cross-entropy loss is

L(θ) = −Epdata
log pθ. (H1)

This decomposes via standard identities into the irre-
ducible entropy of the data generating process and the
Kullback-Leibler divergence between the data and the
model,

L(θ) = H(pdata) +DKL(pdata∥pθ). (H2)

The DKL term is the scalar representational residue: the
excess statistical content of the data law that cannot
be absorbed into the finite representation pθ. The ir-
reducible entropy H(pdata) is the null statistical content,
fixed by the data source independently of model choice.

2. Residue-mode decomposition

Consider a representation-scale parameter s. The clo-
sure residue can be decomposed into an eigenbasis of
modes,

∆s =
∑
k

ak(s)ϕk. (H3)

Linearising the residue renormalisation group flow near
a closure fixed point yields

∂sak = −λkak, (H4)

where λk are the corresponding eigenvalues. The solution
implies exponential decay in the scale parameter,

ak(s) = ak(0)e
−λks. (H5)

By defining the scale parameter logarithmically with re-
spect to a physical model resource, s = logN (where N
is parameter count or capacity), we obtain

ak(N) = ak(0)N
−λk . (H6)

If the total loss is dominated by the leading (slowest-
decaying) residue mode, the expected scaling law emerges
[41]:

L(N)− L∞ ∼ AN−α. (H7)

3. Multi-axis scaling

In practice, model capacity, dataset size, and compute
define a coupled system of representation scales: sN =
logN , sD = logD, and sC = logC. The residue flow
then depends on multiple axes,

L(N,D)− L∞ ≈ AN−α +BD−β + Eint(N,D). (H8)

Here, the AN−α term is the capacity closure residue, the
BD−β term is the sampling (or null-law) residue, and
Eint represents the interaction residue stemming from
imperfect factorisation between the capacity and data
scales.
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4. Compute-optimal balance

Following the derivation of compute-optimal scaling
[42], we apply a simple compute constraint C ∼ ND.
We wish to minimise the total residue

AN−α +BD−β (H9)

subject to ND = C. Substituting D = C/N , we obtain

L(N) ≈ AN−α +BC−βNβ . (H10)

Taking the derivative with respect to N and setting to
zero yields the optimal balance,

αAN−α ∼ βBD−β . (H11)

This provides a closure-residue interpretation for
compute-optimal scaling: the allocation of resources is
optimal when the marginal reduction of capacity residue
exactly balances the marginal reduction of sampling
residue. Neither should dominate.

5. Circuit formation as residue-class transition

The closure calculus predicts that the emergence of
discrete structural phenomena—such as induction heads,
feature splitting, or superposition [46, 60]—corresponds
to a transition in the class of the residue.

Defining a smooth scaling residual,

R(N,D) = Lobs(N,D)− Lfit(N,D), (H12)

provides a testable empirical programme: mechanistic
circuit formation should occur near structured features
of R(N,D). Specifically, local extrema, knees, exponent
changes, or curvature changes in the log-log loss curve
should mark the points where residue transitions from
incoherent/nonlocal forms into coherent visible structure.

6. Singular learning theory and residue eigenvalues

Watanabe’s singular learning theory [43, 44] provides
an independent derivation of power-law scaling that
deepens the closure-residue account. For a parametric
model pθ trained on n samples from pdata, the average
generalisation loss satisfies

E[Ln] = L∞ +
λ

n
+ o(1/n), (H13)

where λ is the real log-canonical threshold (RLCT)—
a rational number determined by the algebraic geom-
etry of the zero set of DKL(pdata∥pθ). With sample-
size n ∼ Nγ for some scaling exponent γ, this gives
L(N) − L∞ ∼ AN−γ . The RLCT is the smallest eigen-
value in the Newton polyhedron of the KL geometry near

its singular points; it is the RG eigenvalue of the domi-
nant closure-residue mode in the present framework.
The connection is precise: the residue eigenvalues

λk in Eq. (H13) are the eigenvalues governing residue-
mode decay near closure fixed points. When the model
class is nonsingular (regular model), all eigenvalues are
integer-valued and the RLCT equals half the parameter
dimension—recovering standard parametric rates. Sin-
gular models (neural networks, mixture models, hidden
Markov models) have non-integer RLCT, producing sub-
linear exponents. The closure-residue framework pro-
vides a dynamical-systems interpretation of the SLT re-
sult: the RLCT measures the depth of the singularity in
the KL geometry, which controls how slowly the domi-
nant residue mode decays under scale evolution.
The WAIC [44] is the practical criterion: it is an

asymptotically unbiased estimator of the generalisation
loss that automatically detects singular model structure.
In the closure-residue language, WAIC estimates the
residue remaining after training.

7. Emergent abilities as residue-class transitions

Discrete qualitative transitions in LLM capabilities—
the sudden appearance of multi-step reasoning, chain-of-
thought, or in-context learning at specific scale thresh-
olds [47]—are predicted by the closure-residue framework
to be residue-class transitions: points where the dom-
inant residue mode changes algebraic type. Below the
transition the dominant residue is incoherent or nonlo-
cal; above it a coherent residue mode closes as an inter-
nal transition operator (an induction head or a reasoning
circuit), producing the observed qualitative jump.
This is distinct from the SLT account: SLT describes

smooth power-law decay within a fixed residue class,
while emergent abilities mark the boundary between
residue classes. The two accounts are complementary:
smooth scaling is self-similar decay within a class; emer-
gent abilities are the transitions between classes. The
joint prediction is that the scaling curve L(N) should
be piecewise power-law : locally smooth with distinct ex-
ponents on either side of a residue-class transition, with
the transition visible as a knee or exponent change in the
residual R(N,D).

8. Relation to existing literature

The smooth power-law scaling of loss with model and
data size was established empirically by Kaplan et al.
[41] and subsequently refined by compute-optimal analy-
ses [42]. These empirical laws have been studied in terms
of data-limited versus parameter-limited regimes, but the
present framework offers a structural account: each scal-
ing axis corresponds to an independent residue-decay
mode, and compute-optimal balance is the condition that
no single mode dominates. The singular-learning-theory
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perspective [43] identifies the power-law exponent with
an algebraic invariant of the model class, providing rig-
orous bounds on achievable scaling rates.

Mechanistic interpretability has documented a range
of discrete structural transitions in trained networks—
induction heads [45], superposition [46], and feature
splitting—that appear as sharp qualitative changes
rather than smooth variations [47]. From the closure-
residue perspective, these are residue-class transitions:
the dominant residue mode changes algebraic type (from
nonlocal/incoherent to coherent/transition), producing
the observed discontinuous character. The present frame-
work predicts that such transitions should be visible
as structured features in the residual R(N,D) defined
above, and thus provides a quantitative bridge be-
tween the scaling-laws literature and the mechanistic-
interpretability literature.

9. Empirical prediction

The central empirical prediction of the closure-residue
framework is:

Structured deviations from smooth scaling
residuals R(N,D) should correlate with mech-
anistic reorganisation events—circuit forma-
tion, feature splitting, induction-head emer-
gence, and superposition reorganisations—
rather than occurring randomly along the
scaling curve.

Smooth scaling is the self-similar decay of residue
modes in the absence of residue-class transitions. Devia-
tions from smooth scaling are not noise by default; they
mark points where the algebraic class of the dominant
residue changes. This prediction is falsifiable: if mech-
anistic transitions occur at randomly distributed points
along the scaling curve, the framework’s identification of
residue-class transitions with observable scaling features
would be refuted.

Appendix I: Compression costs and mass-like
parameters

The cost-function structure of Ks identifies where
mass-like parameters enter the closure calculus. The
structural mapping is:

Ks =
∑
a

gaAa (I1)

Acomp
enforced−−−−−→ gcomp ∈ Ks

if closed−−−−−→ meff , (I2)

where Acomp is the retained compression variable, gcomp

its conjugate cost, and meff the resulting mass-like coef-
ficient.

A localised excitation is a compressed pattern of an-
tecedent structure that remains identifiable after coarse-
graining. If the finite description retains a variable Acomp

measuring the persistence of such a compression, the con-
jugate coefficient gcomp entering Ks is the cost of main-
taining it. When this cost:

1. closes under the coarse-graining (the cost survives
as a well-defined feature of the coarse description),

2. is a scalar (not a matrix or tensor in the spectral
frame),

3. is transportable (the same cost appears consistently
across representation changes),

it has the structural role of a mass-like parameter. In this
limited sense, mass is compression after closure: not the
compression pattern itself, but the cost of maintaining a
self-closing compression against the null law.
To obtain the familiar local form of a mass term would

require the following additional steps:

1. Derive the cost-of-complexity function explicitly
from the null-law recursion.

2. Obtain its differential form by expanding the
residue triage in δs.

3. Lift the construction to path/action space (Ap-
pendix B).

4. Take the relevant small-deformation (gradient-
expansion) limit.

These steps belong to a more developed treatment of
the path-space version of the theory. The present contri-
bution is more limited:

The framework identifies where mass-like co-
efficients enter the closure calculus: as closed
scalar costs of retained compression.

This identification is independent of the specific physi-
cal content (field type, spacetime symmetry, gauge struc-
ture) that would determine the numerical value of the
mass. Those inputs enter at the step of specifying the
observable Acomp and the admissible class Ns, not at the
level of the general closure calculus.

Appendix J: Action-angle coordinates and the origin
of Ks

This appendix makes explicit the claim in Section II
that Ks is forced by the coarse-graining’s action on the
symmetry structure of Gµ. Section J 1 gives a four-state
Markov chain toy model that illustrates each fate explic-
itly (Fig. 3). Sections J 2–J 6 give the continuum version
in action-angle coordinates. We work with integrable and
near-integrable generators, where the construction is con-
crete.
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1. Four-state Markov chain: an explicit toy model

Consider a continuous-time Markov chain on four
states {1, 2, 3, 4}, grouped by the coarse-graining C into
two coarse states α = {1, 2} and β = {3, 4} (Fig. 3b).
The fine generator is

Gµ = kfLintra + ksLinter + εLdiag, (J1)

where Lintra drives 1↔2 and 3↔4 at rate kf (fast intra-
partition equilibration); Linter drives 1 ↔ 3 and 2 ↔ 4
at rate ks (slow inter-partition flow); and Ldiag drives
1↔ 4 and 2↔ 3 at rate ε (symmetry-breaking diagonal
transitions).

Fate of kf (exact symmetry → null law). In the limit
kf → ∞ with ks, ε fixed, states within each partition
equilibrate instantly. The stationary weight within α
is uniform: q(1|α) = q(2|α) = 1

2 , and likewise for β.
This intra-partition flat distribution is the null law at
the coarse scale. The coarse generator GM is indepen-
dent of kf ; the fast transitions are absorbed entirely into
qs via the recursion (4).

Fate of ks (demoted symmetry → Ks). The inter-
partition transitions 1 ↔ 3 and 2 ↔ 4 both contribute
equally to α ↔ β flow. Projecting through C gives a
coarse generator with rate ks each way: GM = ks(Lαβ +
Lβα). This flow is representable in coarse variables. In
the free-energy form, the log-ratio of coarse stationary
weights gives Ks = g 1β with g = log(k+s /k

−
s ) when rates

are asymmetric; at detailed balance, g = 0 and qs absorbs
the ks structure as well.

Fate of ε (broken symmetry → ∆s). The diagonal tran-
sitions 1 → 4 and 2 → 3 move between partitions but
in a way that breaks the α ↔ β symmetry: 1 → 4 in-
creases the β-side occupation of state 4 relative to state 3.
This asymmetry cannot be expressed in any functional of
the coarse occupation probabilities p(α) and p(β) alone.
Computing ∆C = CGµ − GMC gives a non-zero matrix
whose entries are proportional to ε; it cannot be set to
zero by any choice of GM . This is the closure residue.

The three fates are therefore structural, not incidental:
they follow directly from how the coarse-graining parti-
tion interacts with the symmetry structure of the fine
generator.

2. Integrable generators in action-angle form

Let the fine-scale generator be integrable: there exist
canonical coordinates (Ia, θa), a = 1, . . . , n, such that the
generator takes the form

Gµ =
∑
a

ωa(I) ∂θa , (J2)

where the frequencies ωa(I) = ∂H/∂Ia depend only on
the actions and H(I) is the Hamiltonian in action vari-
ables. The actions Ia are exact conserved quantities:

{Ia, H} = 0 for all a. The fine stationary state is

µ ∝ exp[−βH(I)] , (J3)

depending only on the actions.

3. Coarse-graining that averages over angles

Consider a coarse-graining C that marginalises over
all angle coordinates θ while retaining all actions I. The
pushforward of µ is

C∗µ(I) =
∫
[0,2π)n

µ(I, θ)
dnθ

(2π)n
∝ exp[−βH(I)] . (J4)

The coarse stationary state has the same form as the fine
one. The coarse generator GM drives toward this state;
Ks = βH(I) is the cost function of retained complexity,
with each action Ia entering with conjugate coefficient
ga = βωa. The null law at the coarse scale is the uniform
measure over action space (the image of the flat measure
under C); all structure in γs above this background is
accounted for by Ks.

4. Coarse-graining that additionally marginalises
some actions

Now let C also marginalise over a subset of actions,
say I2, . . . , In, retaining only I1. The coarse stationary
state is

C∗µ(I1) ∝ exp[−βω1I1] · Z2,...,n, (J5)

where Z2,...,n =
∫
exp[−β

∑
a≥2 ωaIa] dI2 · · · dIn is a con-

stant. Only I1 remains as a visible constraint; Ks =
βω1I1. The erased actions I2, . . . , In have been absorbed
into the null law via the null-law recursion (4): their
Boltzmann factors become part of qs, contributing to the

null potential V
(0)
s .

5. Coarse-graining that mixes actions: the coupling
angle

The interesting case is a coarse-graining that retains
a linear combination of actions, Î = αI1 + (1 − α)I2,
for some α ∈ (0, 1). This occurs when the coarse ob-
servable is not aligned with any single mode of the fine
generator — a generic situation in many-body and field-
theoretic coarse-grainings. The coarse stationary state
concentrates on Î-level sets; the effective frequency is

ω̂ = αω1 + (1− α)ω2, (J6)

a convex combination of the fine frequencies. The coeffi-
cient entering Ks is gÎ = βω̂.
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The mixing angle α is determined geometrically by the
coarse-graining: it is the projection of the coarse ob-
servable Î onto the action basis of the fine generator.
Modes orthogonal to Î in action space are erased by C;
their Boltzmann weights fold into qs. Modes not exactly
aligned but with nonzero projection onto Î contribute to
Ks with coefficients set by the projection angle.

This is the mechanism behind the Legendre structure
of Ks: the conjugate pairs (Aa, ga) in the coarse law cor-
respond precisely to the eigendirections of the fine gen-
erator that C retains (exactly or approximately), and
the coefficients ga are determined by the geometry of the
coarse-graining in the symmetry space of Gµ.

6. Near-integrable corrections

When the fine generator is near-integrable — Gµ =
G0 + ϵV where G0 is integrable — the actions Ia acquire
slow drift under V . To lowest order in ϵ, the coarse-
graining analysis proceeds as above with corrected effec-
tive frequencies ωa → ωa+ϵδωa. The corrections δωa are
the secular parts of V in the action-angle frame of G0;
they enter the coefficients ga in Ks and are otherwise
invisible to the coarse description. Resonant corrections
(k · ω = 0 for integer vector k) generate closure residue:
they produce terms that mix action-angle sectors and
cannot be absorbed as a modified Ks without residue.

Appendix K: Constructive demonstration:
twelve-state Markov chain

This appendix provides the full specification of the toy
model used in Section IV, tabulates all candidate coarse-
grainings, and contains the detailed figures.

Generator convention

The antecedent generator Gµ ∈ Rn×n obeys the
column-stochastic convention

Gµ[i, j] ≥ 0 (i ̸= j), Gµ[j, j] = −
∑
i̸=j

Gµ[i, j], (K1)

so that ṗ = Gµp preserves normalisation and non-
negativity for any initial probability vector p.

Model specification

The antecedent system is a 12-state CTMC with
three blocks: A = {0, 1, 2, 3}, B = {4, 5, 6, 7}, C =
{8, 9, 10, 11}. Each block has a hub-and-spoke internal
structure: state 0 (resp. 4, 8) is the hub of block A
(resp. B, C), connected to three spokes. Hub-to-spoke
rate: rhub = 30 (outward); spoke-to-hub and spoke-to-
spoke rates: rspoke = 12 (inward/lateral). These fast

intra-block rates produce within-block equilibration on
timescale ∼1/rhub ≈ 0.03, so each block appears as a
single effective state at the inter-block timescale.
The hub ratio rhub/rspoke = 2.5 is chosen so that

spokes carry more stationary mass than hubs: spoke
states are more probable but less connected. This causes
variance-based (fast-mode) compression, which assigns
large variance to high-mass spokes, to group hub and
spoke states across different blocks rather than keeping
each block intact.
Slow inter-block connections link the hubs: A ↔ B and

B ↔ C at rate rinter = 0.4; a very slow direct A ↔ C
hub-to-hub path at rate rdirect = 0.05. Under these rates
alone, topology correctly suggests B mediates all A–C
flux.
The hidden shortcut : spoke state 1 ∈ A is directly

connected to spoke state 9 ∈ C at forward rate rh = 2.0
and backward rate 1.4. This connection is invisible in
the nominal block graph. The effective A-to-C transport
rate, accounting for the stationary fraction π1|A ≈ 0.29
of block-A mass in state 1, is

reffAC ≈ rdirect + π1|A · rh ≈ 0.05 + 0.29× 2.0 ≈ 0.64,
(K2)

which exceeds both rAB = rBC = 0.40. The hidden
shortcut therefore makes A and C dynamically more
proximate than either is to B, despite B topologically
separating them (Fig. 12).
The model is designed so that: (i) the topologically

obvious partition {A,B} | {C} is wrong; (ii) the correct
partition {A,C} | {B} is identifiable by J(C); (iii) fast-
mode compression fails for a mechanistically clear reason;
and (iv) the residue column profile σj of the wrong par-
tition points directly to the shortcut endpoints.

Aggregation matrices

The coarse-graining C is a binary aggregation matrix:
Cαi = 1 if antecedent state i belongs to coarse group α,
and 0 otherwise. Exactly one entry per column equals 1.
C is not row-stochastic; it maps probability vectors by
P = Cp (conserving normalisation since 1⊤C = 1⊤).
The stationary-weighted right inverse satisfying

CC+ = InM
is

C+ = WC⊤(CWC⊤)−1
, W = diag(πµ). (K3)

All candidate coarse-grainings

Table II reports the closure loss and prediction er-
ror at t = 5 for all candidate 2-state coarse-grainings
considered, plus the promoted 3-state partition. “Fast-
mode” clusters on the fastest non-trivial eigenvector of
Gµ (largest |λ| above a threshold), which captures within-
block hub/spoke structure rather than the inter-block
slow variable. “Slow-mode heuristic” clusters on the
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slowest non-trivial eigenvector; this also fails here be-
cause the hidden shortcut contaminates the slow spec-
trum (Fig. 13).

TABLE II. Closure loss ∥∆C∥W,F and mean L1 prediction
error at t = 5 (averaged over 50 random initial distributions)
for all candidate coarse-grainings.

Coarse-graining ∥∆C∥W,F PE(t = 5)

{A,C} | {B} 0.26 6.1× 10−4

{A} | {B,C} 0.90 0.044

{A,B} | {C} 0.93 0.044

Fast-mode (fastest eigvec) 30.9 0.048

Slow-mode heuristic 32.1 0.069

Promoted {1, 9} (3-state) 13.6 0.047

The “promoted {1, 9}” row corresponds to splitting
state 1 from block A and state 9 from block C into a new
third coarse variable, forming the partition {A\1, B} |
{C\9} | {1, 9}. This partition directly encodes the short-
cut pair as a visible coarse state, and the best-fit G∗

M (C)
for it shows explicit transition rates between {1, 9} and
both of the other coarse groups. The high closure loss
(13.6) reflects that the partition is not a clean dynam-
ical grouping: it severs states 1 and 9 from their host
blocks, creating large residue for the remaining block-
membership transitions. The residue signal is therefore
correctly interpreted not as “isolate states 1 and 9” but as
“states 1 and 9 link blocks A and C, so merge A and C.”

Detailed results

R1. Closure-optimised basis recovers the dynamically cor-
rect grouping. {A,C} | {B} achieves weighted closure
loss 0.26 and prediction error 6.1 × 10−4 at t = 5.
Topology-guided alternatives score 0.90–0.93 on closure
loss and 0.044 on prediction error—a factor of 72× worse.
Fast-mode compression yields closure loss 30.9: two or-
ders of magnitude above the optimum. The slow-mode
heuristic (closure-learned basis) yields 32.1 (Fig. 13; see
below).

R2. Residue anatomy identifies hidden coupling states.
The weighted column profile σj of {A,B} | {C} shows
two anomalous antecedent states: σ1 ≈ 0.57 and σ9 ≈
0.47, separated from the next-largest contributor by a
factor of ∼6 (Fig. 14). These are precisely the hidden-
shortcut endpoints. No information about the shortcut

is used in computing σj ; the large values emerge purely
from the mismatch between antecedent dynamics and the
coarse law imposed by {A,B} | {C}.
R3. Spectral heuristics fail because the hidden coupling
contaminates the slow spectrum. The hidden shortcut
perturbs the within-A stationary distribution and gen-
erates an additional slow mode—hub/spoke relaxation
modulated by the escape channel—that occupies the
spectral slot used for thresholding. The resulting par-
tition (hubs in one group, spokes in another, across
all three blocks) has closure loss 32.1, worse than any
topology-guided partition. The direct criterion J(C),
evaluated on explicit candidate partitions, is unaffected
by this spectral contamination and correctly ranks all
candidates (Fig. 13).

R4. Transport identity holds at machine precision. For
the three-scale tower 12 → 3 → 2 (antecedent blocks,
then {A,C} | {B}), the residue composition identity

∆C02 = C12 ∆C01 +∆C12 C01 (K4)

holds to residual 2.83 × 10−15—machine precision—
verifying that residue composition is an exact algebraic
identity, not an approximation (Fig. 15).

Connection to existing methods

The generator-closing criterion unifies several appar-
ently distinct representation-learning approaches.

Koopman-based methods [61–63] seek invariant sub-
spaces of the Koopman operator, which is the dual con-
dition (18). Mori–Zwanzig projection [9, 10, 17] decom-
poses dynamics into a projected and a hidden part; the
hidden part is precisely CGµQ where Q = I − C+C
(C+ = WC⊤(CWC⊤)−1 is the stationary-weighted right
inverse satisfying CC+ = IM ). Spectral clustering and
diffusion maps [64, 65] cluster states by slow eigenvectors,
approximating invariant subspaces. Slow-feature analy-
sis [66] minimises temporal change in observables, corre-
sponding to minimising J(C) over observable-valued C.
Transfer-operator methods [67, 68] identify metastable
sets as approximate invariant subspaces.

These are not separate heuristics; they are each a spe-
cialisation of the condition: minimise the closure residue
of the generator under a finite representation. The
present framework adds two features absent individually:
a single criterion J(C) applicable regardless of represen-
tation type, and a structured column-profile decomposi-
tion σj that diagnoses what the representation has for-
gotten.
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J.-Å. Larsson, Reviews of Modern Physics 94, 045007
(2022).

[30] U. Seifert, Reports on Progress in Physics 75, 126001
(2012).

https://doi.org/10.48550/arXiv.1906.10184
https://doi.org/10.1143/PTP.20.948
https://doi.org/10.1143/PTP.20.948
https://doi.org/10.1038/nrn2787
https://doi.org/10.1038/nrn2787
https://doi.org/10.2307/1970484
https://doi.org/10.1016/0550-3213(84)90287-6
https://doi.org/10.1126/science.177.4047.393
https://doi.org/10.1073/pnas.1314922110
https://doi.org/10.1073/pnas.1314922110
https://doi.org/10.1007/BFb0044591
https://doi.org/10.1007/BFb0044591
https://doi.org/10.1016/0003-4916(63)90068-X
https://doi.org/10.1016/0003-4916(63)90068-X
https://doi.org/10.1016/0003-4916(83)90202-6
https://doi.org/10.1016/0003-4916(83)90202-6
https://www.routledge.com/Geometry-Topology-and-Physics/Nakahara/p/book/9780750306065
https://doi.org/10.1103/PhysRevLett.52.2111
https://doi.org/10.1103/PhysRevLett.52.2111
https://doi.org/10.1088/1367-2630/13/11/113036
https://doi.org/10.1088/1367-2630/13/11/113036
https://doi.org/10.1103/RevModPhys.94.045007
https://doi.org/10.1103/RevModPhys.94.045007
https://doi.org/10.1088/0034-4885/75/12/126001
https://doi.org/10.1088/0034-4885/75/12/126001


31

0 5 10 15 20 25 30 35 40
Time t

10 5

10 4

10 3

10 2

10 1

M
ea

n 
L1  

pr
ed

ic
tio

n 
er

ro
r

t = 5

Prediction error by coarse-graining
{A,B}|{C}
{A}|{B,C}
{A,C}|{B}
PCA (fast)
Eigvec-heur
Random
Promoted {1,9}

Fine
n = 12 states

Blocks
n = 3

{A, C} {B}
n = 2

W = 0.894

W = 0.000

direct
02 W = 0.258

02 = C12 01 + 12C01
max|LHS RHS| =  2.8 × 10 15 (machine prec.)

Transport identity (Result 1)

FIG. 15. Prediction accuracy and the transport identity. Left: Mean L1 prediction error Eρ[∥CetGµρ−etG
∗
MCρ∥1] versus

time for all candidate coarse-grainings (averaged over 50 random initial distributions ρ). {A,C} | {B} (teal, solid) outperforms
all 2-state alternatives by 65–80× at t = 5 and improves further at t = 20. The fast-mode heuristic (light grey) and slow-mode
heuristic (blue, dot-dash) perform no better than the wrong topological partitions, confirming that spectral contamination
defeats both heuristics while J(C) is unaffected. Right: The three-scale transport identity ∆C02 = C12∆C01 + ∆C12C01

(Result 3) verified numerically for the tower 12 → 3 → 2; residual 2.83× 10−15 at machine precision.

[31] C. Jarzynski, Physical Review Letters 78, 2690 (1997).
[32] G. Lindblad, Communications in Mathematical Physics

48, 119 (1976).
[33] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan,

Journal of Mathematical Physics 17, 821 (1976).
[34] J. S. Bell, Physics Physique Fizika 1, 195 (1964).
[35] S. Kochen and E. P. Specker, Journal of Mathematics

and Mechanics 17, 59 (1967).
[36] W. H. Zurek, Reviews of Modern Physics 75, 715 (2003).
[37] M. Schlosshauer, Reviews of Modern Physics 76, 1267

(2004).
[38] P. A. M. Dirac, The Principles of Quantum Mechanics

(Oxford University Press, 1930).
[39] F. Bayen, M. Flato, C. Frønsdal, A. Lichnerowicz, and

D. Sternheimer, Annals of Physics 111, 61 (1978).
[40] M. Kontsevich, Letters in Mathematical Physics 66, 157

(2003).
[41] J. Kaplan, S. McCandlish, T. Henighan, T. B. Brown,

B. Chess, R. Child, S. Gray, A. Radford, J. Wu, and
D. Amodei, arXiv preprint arXiv:2001.08361 (2020).

[42] J. Hoffmann, S. Borgeaud, A. Mensch, E. Buchatskaya,
T. Cai, E. Rutherford, D. de Las Casas, L. A. Hen-
dricks, J. Welbl, A. Clark, et al., arXiv preprint
arXiv:2203.15556 (2022).

[43] S. Watanabe, Algebraic Geometry and Statistical Learn-

ing Theory (Cambridge University Press, 2009).
[44] S. Watanabe, Journal of Machine Learning Research 14,

867 (2013).
[45] C. Olsson, N. Elhage, N. Nanda, N. Joseph, N. Das-

Sarma, T. Henighan, B. Mann, A. Askell, Y. Bai,
A. Chen, et al., Transformer Circuits Thread (2022).

[46] N. Elhage, T. Hume, C. Olsson, N. Schiefer, T. Henighan,
S. Kravec, Z. Hatfield-Dodds, R. Lasenby, D. Drain,
C. Chen, et al., arXiv preprint arXiv:2209.10652 (2022).

[47] J. Wei, Y. Tay, R. Bommasani, C. Raffel, B. Zoph,
S. Borgeaud, D. Zhou, M. Goel, X. Wang, H. W.
Chung, et al., Transactions on Machine Learning Re-
search 10.48550/arXiv.2206.07682 (2022).

[48] C. Wetterich, Physics Letters B 301, 90 (1993).
[49] H. Touchette, Physics Reports 478, 1 (2009).
[50] C. Rovelli, International Journal of Theoretical Physics

35, 1637 (1996).
[51] C. M. Caves, C. A. Fuchs, and R. Schack, Physical Re-

view A 65, 022305 (2002).
[52] I. Csiszar, Studia Scientiarum Mathematicarum Hungar-

ica 2, 299 (1967).
[53] J. C. Baez and T. Fritz, Theory and Applications of Cat-

egories 29, 421 (2014).
[54] D. Ruelle, Thermodynamic Formalism: The Mathemat-

ical Structure of Equilibrium Statistical Mechanics, 2nd

https://doi.org/10.1103/PhysRevLett.78.2690
https://doi.org/10.1007/BF01608499
https://doi.org/10.1007/BF01608499
https://doi.org/10.1063/1.522979
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.195
https://doi.org/10.1512/iumj.1968.17.17004
https://doi.org/10.1512/iumj.1968.17.17004
https://doi.org/10.1103/RevModPhys.75.715
https://doi.org/10.1103/RevModPhys.76.1267
https://doi.org/10.1103/RevModPhys.76.1267
https://doi.org/10.1016/0003-4916(78)90224-5
https://doi.org/10.1023/B:MATH.0000027508.00421.bf
https://doi.org/10.1023/B:MATH.0000027508.00421.bf
https://doi.org/10.1017/CBO9780511800474
https://doi.org/10.1017/CBO9780511800474
https://jmlr.org/papers/v14/watanabe13a.html
https://jmlr.org/papers/v14/watanabe13a.html
https://transformer-circuits.pub/2022/in-context-learning-and-induction-heads/index.html
https://doi.org/10.48550/arXiv.2206.07682
https://doi.org/10.1016/0370-2693(93)90726-X
https://doi.org/10.1016/j.physrep.2009.05.002
https://doi.org/10.1007/BF02302261
https://doi.org/10.1007/BF02302261
https://doi.org/10.1103/PhysRevA.65.022305
https://doi.org/10.1103/PhysRevA.65.022305
https://cir.nii.ac.jp/crid/1572261551100092672
https://cir.nii.ac.jp/crid/1572261551100092672
https://doi.org/10.48550/arXiv.1402.3067
https://doi.org/10.48550/arXiv.1402.3067
https://doi.org/10.1017/CBO9780511617546
https://doi.org/10.1017/CBO9780511617546


32

ed. (Cambridge University Press, 2004).
[55] G. Birkhoff and J. von Neumann, Annals of Mathematics

37, 823 (1936).
[56] A. Hobson, Journal of Statistical Physics 1, 383 (1969).
[57] M. V. Berry, Proceedings of the Royal Society of London.

Series A 392, 45 (1984).
[58] B. Simon, Physical Review Letters 51, 2167 (1983).
[59] A. M. Gleason, Journal of Mathematics and Mechanics

6, 885 (1957).
[60] N. Elhage, N. Nanda, C. Olsson, T. Henighan, N. Joseph,

B. Mann, A. Askell, Y. Bai, A. Chen, N. Conerly, et al.,
Transformer Circuits Thread (2021).
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