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Can two different materials be made to look optically identical under exactly the same driving
field? A twinning field does so for a chosen response, but in the original formulation it is obtained
by calculating the drive in advance from models of both materials. We show that the field can
instead be found by a causal optical loop. A balanced detector measures the difference between the
two responses; a signed integral controller returns that difference to the shared drive. When the
loop settles, the measured difference vanishes and the retained drive is the twinning field. The loop
is locally stable for κ|χ∆|τ < π/2. Nonlinear sweeps recover this boundary, and exact propagation
of two four-site Hubbard rings shows their currents locking under one common Peierls phase. The
same idea can also be run backwards: choose the materials so that their twinning fields are the
answers one wants. We select a Kerr and a linear cavity whose equal-intensity points encode the
non-negative roots of a supplied quadratic. Two such conditions sharing one reference cavity form a
product residual—a twinning tree—whose zeros are the roots of a supplied factorised quartic. The
full three-cavity, seven-variable dynamics acquire each of its four roots; 33 of 42 initial-condition and
polarity trials reach a root, while the remainder meet imposed power bounds. Coalescing roots erase
the differential susceptibility, making even-multiplicity roots one-sided under fixed-polarity feedback.
These results are numerical and analytic; the optical circuits are proposed implementations.

I TWINNING FIELDS IN NONLINEAR OPTICS

A material is often introduced optically by a list of
things it does to light. That shorthand is powerful be-
cause the weak-field answer is reproducible. Under strong
driving, however, the interrogating field becomes a par-
ticipant: it can redirect a many-body current [1], force a
chosen observable trajectory [2], or suppress one compo-
nent of a composite response [3]. The map from field to
nonlinear response need not even be one-to-one [4]. At
that point the familiar division between a property of
the material and a property of the experiment begins to
soften. If the field helps to make the answer, how much
of a material’s optical identity belongs to the material
alone?

Twinning fields give one answer. A twinning field is a
single electromagnetic drive Φτ (t) for which two distinct
systems return the same selected response,

J1[Φτ ](t) = J2[Φτ ](t).

The construction was introduced for nonlinear many-
body systems and demonstrated for Fermi-Hubbard and
tight-binding materials [5]. Its insistence on one identi-
cal field is the point. With two independently tailored
fields, tracking control can make different systems repro-
duce the same target by correcting each one separately
[1, 2]. A twinning field instead identifies a trajectory
on which two distinct response laws coincide under one
shared physical cause.

In the original formulation, that trajectory is calcu-
lated in open loop from the evolving states of both sys-
tems [5]. This establishes the object, but leaves an ex-
perimental loop to close. The field must be known be-
fore it is applied, while the information used to calculate
it is returned by the responses produced after applica-

tion. Feedback resolves the apparent circle by allowing
the materials to supply that information as the experi-
ment proceeds. Tracking feedback can generate a pre-
scribed broadband optical behaviour [6], and a measured
response mismatch can be amplified and returned with-
out first shaping a correction pulse [7]. Those architec-
tures regulate one response or correct one branch towards
another. The stricter task here is to adapt the one field
incident on both systems.

Once the problem is written this way, a second inter-
pretation becomes difficult to avoid. Balanced detection
measures J1 − J2. Laser locking calls such a signed dif-
ference an error signal [8, 9]; numerical analysis calls it a
residual. A controller that adjusts Φ until J1 − J2 = 0 is
therefore finding a root, with the two physical systems
evaluating the function. The shift is physical as well
as linguistic: the field that interrogates the materials
becomes the unknown, and their disagreement supplies
each iteration. There is already a substantial optical-
computing world around this observation. Designed elec-
tromagnetic media perform mathematical operators [10]
and solve integral equations [11]; coherent feedback sup-
plies analogue solutions of partial differential equations
[12], microring networks solve ordinary differential equa-
tions [13], and inverse-designed free-space feedback solves
integral equations [14]. Delayed and integrated pho-
tonic reservoirs process information in their dynamics
[15, 16], while optoelectronic recurrence searches for com-
putational fixed points [17, 18]. The question here is con-
sequently narrow: can equality between distinct common-
driven responses encode the equation, and can the same
shared field acquire its solutions?

We begin by treating a twinning field as the zero of
a general differential response. Linearising the loop ex-
poses a gain-delay boundary, after which exact propaga-
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tion of two four-site Hubbard rings tests common-field
acquisition in the many-body setting that motivated the
proposal. Having established that the field can be found,
we ask whether it can find anything in return. Nonlin-
ear optical response has previously been recruited as a
computational transformation [19], and Hamiltonian pa-
rameters can encode data for a physical processor [20].
Here the coefficients of a supplied quadratic choose the
input-output laws of a Kerr and a linear cavity. Their
nonzero equal-intensity points occur at its non-negative
roots. The controller receives only the two measured
intensities: the equation is evaluated by the optical re-
sponses, not by a digital call to the polynomial.

The same construction admits a higher-order exten-
sion. Two Kerr cavities can share one linear reference,
with each equality condition representing one supplied
quadratic factor. Multiplying their normalised response
differences produces a residual that vanishes at the union
of the two root sets. Layered optics can already generate
higher polynomial orders [21], analogue optical multipli-
cation is established [22], and programmable photonic
nonlinearities can represent coefficient-dependent poly-
nomial transformations [23]. Organising these elements
around material twinning within one common-field loop
produces a seven-variable calculation in which three com-
plex cavity amplitudes and one real controller state ac-
quire all four roots of a supplied factorised quartic. Pair-
wise optical indistinguishability has become a compos-
able physical calculation. The factorisation is part of the
encoding. Arbitrary expanded-polynomial encoding, au-
tomatic factorisation, scaling with hierarchy depth, and
optical advantage are not established.

The distinction between what is derived, computed,
and merely proposed will be maintained throughout. Sec-
tion II defines strict common-field acquisition, Sec. III
treats the effect of delay, and Sec. IV returns to twinned
Hubbard materials. Section V constructs and tests the
quadratic cavity encoder. Section VI composes two such
conditions into the factorised-quartic calculation, and
Sec. VII examines the loss of directional information
when roots coalesce. Section VIII places these results
among neighbouring approaches to optical computation
and identifies the physical questions left by the construc-
tion.

II A TWINNING FIELD AS A PHYSICAL ROOT

Consider two systems with internal states x1(t) and
x2(t). Their response to a drive depends both on its
present value and on the state prepared by its history,
which we write as Jj [Φ(t), xj(t)]. We define strict twin-
ning by requiring the same total field Φ(t) to reach both
systems and the chosen responses to agree over a declared
observation interval Tobs,

J1[Φ(t), x1(t)] = J2[Φ(t), x2(t)], t ∈ Tobs.

This is stronger than asking one branch to imitate the
other using an additional correction field. The equality
concerns what the two systems do under one shared phys-
ical cause [5].

The quantity available to a balanced detector is the
differential response

e(t) = J1[Φ(t), x1(t)] − J2[Φ(t), x2(t)]. (1)

Equation (1) is simultaneously the optical error signal
and the residual of the root problem. This identification
carries more than a change of vocabulary. The unknown
Φ is not passed to a numerical routine together with an-
alytic functions J1 and J2. It is applied to the systems,
and their measured difference evaluates e. Signed optical
zero crossings are the ordinary currency of cavity locking
[8, 9]; the change here is that the two arms contain dis-
tinct response evaluators and their equality, rather than
one cavity resonance, defines the lock point.

There is nevertheless a causal price. At time t, the
controller has access only to measurements that have re-
turned by t and to its own stored state. With a total
propagation, detection, and processing delay τ > 0, it
cannot know the response to the field it is applying at
that same instant. Equality from an arbitrary initial
time is therefore unavailable to a causal feedback loop.
What can be done is to acquire a root over an interval
Tacq and then test the resulting field over Tobs. Delayed
response information is a standard ingredient of nonlin-
ear control [24] and of computational feedback dynamics
[15]; related optical response-control schemes use it di-
rectly [6, 7]. The distinction here is that the update acts
before the passive split, so both systems continue to re-
ceive exactly the same field.

The simplest controller that retains a nonzero field
when the error vanishes is an integrator,

Φ̇(t) = −κσe(t− τ), (2)

where κ > 0 is the gain and σ = ±1 fixes the feedback
polarity. A proportional correction would disappear at
e = 0 and return the apparatus to its uncorrected drive.
By contrast, Eq. (2) stores the acquired value in the con-
troller state. At an interior stationary point,

Φ̇ = 0 ⇐⇒ e(Φ⋆) = 0,

provided the two systems have settled into the corre-
sponding driven states. A regular twinning field is thus
a fixed point of the loop, and a stable fixed point is a
twinning field for the selected response [2].

This equivalence also fixes what we mean by success.
During Tacq, returned measurements are permitted to
change Φ. Once a residual threshold has been maintained
for a prescribed hold time, the controller state is retained
and the equal-response claim is assessed on the subse-
quent observation interval. A transient crossing of e = 0
is not a solution, and equality during acquisition is not
asserted before information has had time to circulate.
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Figure 1 puts this distinction into an optical layout. A
common modulator prepares Φ, a passive split sends it
to the two systems, and balanced detection forms Eq. (1).
The signed integrator implements Eq. (2). Every compo-
nent has a close optical precedent in cavity locking and
feedback computing [9, 14]; the location of the split is
what preserves the strict common drive. Open-loop syn-
thesis, asymmetric correction, and strict common-field
acquisition therefore differ in where the controllable field
is introduced, not merely in the electronics used to cal-
culate it. The remaining question is whether the root
survives the delay needed to observe it.

III DELAY IN THE COMMON-FIELD LOOP

Feedback succeeds only if the measured difference
changes in a useful direction when the field is perturbed.
Let Φ⋆ be a twinning root and freeze the internal-state
dependence over the local stability calculation. The dif-
ferential susceptibility is

χ∆ = ∂Φ[J1 − J2]|Φ⋆
. (3)

Equation (3) is the slope of the physical residual. Its sign
selects the restoring polarity, while its magnitude tells
the controller how much information about displacement
from the root is present in one differential measurement.

We write Φ(t) = Φ⋆ + δΦ(t) and expand Eq. (1) to
obtain

e(t) = χ∆ δΦ(t) +O(δΦ2).

With σχ∆ > 0, the controller in Eq. (2) therefore reduces
locally to

δΦ̇(t) = −κ|χ∆| δΦ(t− τ).

At zero delay, the root contracts exponentially at rate
κ|χ∆|. Increasing the gain speeds acquisition only until
the delayed correction begins to act on obsolete informa-
tion.

Taking δΦ ∝ eλt yields the characteristic equation and
its stable branch [25],

λ+ κ|χ∆|e−λτ = 0, κ|χ∆|τ < π

2 . (4)

The boundary follows directly by setting λ = iω. Sepa-
rating real and imaginary parts gives

cos(ωτ) = 0, ω = κ|χ∆| sin(ωτ),

so the first crossing occurs at ωτ = π/2 and ω = κ|χ∆|.
Appendix A records the contraction and fitting conven-
tions used below.

The result in Eq. (4) is local and scalar. It does not
assume that the full nonlinear dynamics remain frozen
far from the root, and it does not guarantee acquisition
within a finite experimental window. Delayed feedback

can stabilise or destabilise nonlinear dynamics depend-
ing on precisely this competition between response, gain,
and latency [15, 24]. Equation (4) identifies the dimen-
sionless combination against which the numerical calcu-
lations should be organised.

We test the boundary with a 134-point nonlinear de-
layed sweep. The fitted residual exponent changes sign
at κ|χ∆|τ = 1.5675, within 0.0033 of π/2. A practical
finite-time acquisition test ceases near 1.53, where con-
vergence is still asymptotically stable but too slow to
satisfy the allotted hold time. Figure 2 shows both crite-
ria and representative trajectories below, near, and above
the crossing. Delay does not alter what the root is. It
determines whether the apparatus can remain there.

IV TWINNING TWO HUBBARD MATERIALS

The scalar calculation establishes how a regular
differential-response root behaves, but it says little about
where that response comes from. We therefore return to
the many-body setting of the original twinning field prob-
lem. The two response evaluators are half-filled four-site
spinful Fermi-Hubbard rings,

Hj(Φ) = −t0
∑

ℓ,ς

(
e−iΦc†

ℓςcℓ+1,ς + H.c.
)

+ Uj

∑

ℓ

nℓ↑nℓ↓.

(5)
Equation (5) is evaluated with U1 = 0.5 and U2 = 2.0, so
the systems are dynamically distinct but share the same
lattice and hopping scale. The common Peierls phase
Φ(t) is the field to be acquired. This response channel
descends from driven-system tracking and current control
[1, 2]; the use of equality under one field is inherited from
the twinning-field construction [5].

For each ring, the current is the response conjugate to
the phase,

Ĵj(Φ) = −∂ΦHj(Φ), Jj(t) = ⟨ψj(t)|Ĵj [Φ(t)]|ψj(t)⟩,

and the states evolve independently according to

i∂t|ψj(t)⟩ = Hj [Φ(t)]|ψj(t)⟩.

The only coupling between the two calculations is the
shared phase updated from J1 − J2. Fixed particle
number and spin reduce each ring to a 36-state sector.
This small system is large enough for the interactions
to produce different nonlinear currents, while remaining
tractable under exact propagation.

At each time step, the delayed current difference is in-
serted into Eq. (2). The controller does not receive either
wavefunction, the value of Uj , or an independently calcu-
lated twinning field. For comparison only, we separately
invert the instantaneous current-equality condition using
the propagated states. This produces a reference phase
Φinst(t) against which the acquired phase can be tested
without feeding the answer back into the loop. State
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(a) What changes

material
models

offline
solve

both
materials

open loop: the models compute the field

master slave

amplifier

Φ0

Jm
Js

δΦ

asymmetric feedback: only the slave is corrected

system 1 system 2

integrator
strict twinning: the same adaptive field drives both

(b) The physical root loop

common-field
modulator

system 1
J1[Φ]

system 2
J2[Φ]

balanced detector
e = J1 − J2

signed integrator
Φ̇ = −κσeτ

Φ(t)

The two systems evaluate e(Φ⋆) = 0.
The retained field is the
root, not a stored target.

(c) Acquire, then observe

acquisition observation

first returned
measurement, t = τ

lock
declared

Returned residuals update the field.
No equality claim is made before lock.

The integrator retains Φ⋆.
Strict twinning is tested only during
observation.

FIG. 1. The common field feedback architecture illustrates how a twinning field becomes a physical root. (a) Open-loop
synthesis solves for a field in advance, asymmetric master–slave feedback corrects one branch, and strict twinning instead sends
one identical total field to both systems. (b) The two systems evaluate the differential response e = J1 −J2, a balanced detector
measures it, and a signed integrator updates the shared field. (c) Nonzero latency introduces an acquisition interval before
the observation window on which strict twinning is asserted. The diagram specifies a proposed architecture rather than an
experimental realisation.
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FIG. 2. The delayed scalar calculation shows the gain–delay stability boundary. (a) The fitted residual exponent changes sign
at 1.5675, within 0.0033 of the analytic value π/2. The more conservative finite-time acquisition criterion ends near 1.53. (b)
Representative traces show persistent acquisition below the boundary, slow decay near it, and growing oscillations above it. All
curves are projected from retained numerical tables.

preparation, integration, and error measures are given in
Appendix B.

The two currents lock over the observation inter-
val. Their tail root-mean-square mismatch is 0.50%
of the root-mean-square common current, and the ac-
quired phase follows Φinst(t) with root-mean-square er-
ror 0.00732. These tests answer different questions. The
first establishes optical equality. The second checks the
interpretation developed in Sec. II: the controller state
tracks the root that the two evolving materials define.

Figure 3 shows the currents, the differential response,
the acquired and independently inverted phases, and
the loss of practical lock in a gain sweep. The initial
susceptibility-scaled gain-delay value at loss of lock is ap-
proximately 1.64. Its proximity to the scalar π/2 bound-
ary in Eq. (4) is striking given that the states continue to
evolve while the field is acquired. It is nevertheless a nu-
merical correspondence, not a stability theorem for the
Hubbard dynamics. The many-body calculation shows
that a twinning root can be acquired. We next arrange
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FIG. 3. The four-site Hubbard calculation shows acquisition of a common twinning field. Two half-filled spinful rings, each
represented in a 36-state symmetry sector and with interactions U1 = 0.5 and U2 = 2, receive the same Peierls phase. (a) Their
currents become indistinguishable on the plotted scale. (b) The difference decays to a tail RMS mismatch equal to 0.50% of
the common-current RMS. (c) The acquired phase follows the independently inverted instantaneous twinning root with RMS
error 0.00732. (d) A gain sweep loses practical lock above an initial susceptibility-scaled gain–delay product of approximately
1.64, close to the scalar boundary.

for the root itself to carry a prescribed equation.

V A QUADRATIC ENCODED BY TWO
CAVITIES

Suppose the desired roots are those of a supplied real
quadratic

q(n) = n2 + bn+ c.

A direct numerical calculation would evaluate q and ad-
just n. The optical construction instead uses two distinct
response laws whose equality is equivalent to q(n) = 0.
Kerr cavities are a natural candidate. Optical bistability
was observed in a nonlinear Fabry–Pérot resonator [26],
given a quantum input–output model [27], and shown
to support multivalued stationary states in a ring cavity

[28]; the Lugiato–Lefever equation established the wider
driven-dissipative Kerr-cavity setting [29]. The extra or-
der will shortly prove useful rather than troublesome.

For a coherently driven single-mode cavity, the mean
field satisfies

ȧj =
[
−γj + i

(
∆j −Kj |aj |2

)]
aj + η,

Pj(n) = n
[
γ2

j + (∆j −Kjn)2]
= |η|2,

(6)

where n = |aj |2, γj is the linewidth, ∆j is the detun-
ing, and Kj is the Kerr coefficient. Equation (6) makes
Pj(n) the input power required to sustain intensity n
on a steady branch. Two cavities driven by the same η
have equal intensities wherever their functions P1(n) and
P2(n) coincide.

Take cavity 1 to be Kerr nonlinear with K1 = 1, and
cavity 2 to be linear with K2 = 0 and ∆2 = 0. Their
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FIG. 4. The common-driven cavity pair solves the encoded quadratic n2 −4n+3 = 0. (a) The cavity input–output laws intersect
at n = 1 and 3. (b) Their measured intensity difference vanishes at common powers s = 5 and 15. (c) Representative full
complex-amplitude trajectories acquire n = 1 for positive polarity and n = 3 for negative polarity. (d) Fifteen of 22 multi-start
runs acquire one of those roots with maximum intensity error 2.18 × 10−6, while wrong-basin trajectories reach an imposed
input power limit. (e) Seventeen of 18 upper limits below s = 15 exclude the high-power root, whereas all ten limits above it
permit acquisition.

input-output difference is
P1(n) − P2(n) = n

[
(γ2

1 + ∆2
1 − γ2

2) − 2∆1n+ n2]
.

Matching the bracket to q(n) fixes the detuning and
linewidth difference. One convenient parameterisation
is

K1 = 1, K2 = 0, ∆1 = −b/2, ∆2 = 0,
γ2

1 = L, γ2
2 = L+ ∆2

1 − c,

P1(n) − P2(n) = nq(n).
(7)

The free positive offset L keeps both linewidths physical
and can be chosen so that the working branches remain
monotone.

Equation (7) has an unavoidable zero at n = 0, where
two empty cavities are trivially indistinguishable. Away
from this vacuum solution,

P1(n) = P2(n) ⇐⇒ q(n) = 0, n > 0.

Thus each real non-negative root r is represented by an
equal-intensity state of the two cavities. The correspond-
ing control variable is not r itself but the common input
power

s⋆ = P1(r) = P2(r).

The coefficients determine the cavity parameters, the cav-
ity responses evaluate the residual, and the field value
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retained by the controller identifies the selected solution.
Hamiltonian-parameter encoding and programmable op-
tical nonlinearities provide broader precedents for choos-
ing a physical response law from supplied data [20, 23];
the equality-selected root is the present construction.

During acquisition, the full complex amplitudes are
evolved rather than replaced by their steady curves. The
intensity difference is the cavity realisation of the resid-
ual in Eq. (1). If nj(s, t) denotes the returned intensity
under common power s, the controller is

ṡ = −gσ[n1(s, t) − n2(s, t)], δṡ = −gσe′(s⋆)δs. (8)

Equation (8) also gives the local linearisation. Simple
roots on opposite sides of a quadratic generally have op-
posite slopes and therefore use opposite restoring polar-
ities. The polarity supplies a basin choice, not the root
value.

For q(n) = n2 − 4n + 3 = (n − 1)(n − 3), the map
gives P1 −P2 = n(n−1)(n−3). The two nontrivial roots
correspond to common powers s = 5 and s = 15. Full
cavity dynamics acquire n = 1 with one polarity and
n = 3 with the other, as predicted by Eq. (8). Across
22 initial-power and polarity combinations, 15 acquire
a root with maximum intensity error 2.18 × 10−6. The
remaining trajectories are launched in the wrong basin
and reach an imposed power limit. They do not converge
to spurious equalities.

Figure 4 connects the algebra to the dynamics. It
shows the encoded polynomial, the physically measured
differential intensity, representative acquisitions, and
the polarity-resolved basins. An additional power-limit
sweep finds that 17 of 18 upper limits below s = 15 ex-
clude the higher root, while all ten limits above it per-
mit acquisition. The optical loop therefore solves only
within the range it can physically explore. This differs
from material solvers in which a metastructure performs
an operator or equation [10, 11], from inverse-designed
free-space networks for integral equations [14], and from
feedback resonators for differential equations [12, 13]. It
also differs from delay-based photonic reservoirs trained
for information processing [15, 16], and from recurrent
optoelectronic or analogue optical machines seeking op-
timisation fixed points [17, 18]. The present residual is
the difference between two material response laws. Ap-
pendix B records the parameter bounds, integration de-
tails, and retained tables.

VI OPTICAL TWINNING TREES

The cavity pair in Sec. V represents a quadratic be-
cause the difference of its two input-output laws contains
one quadratic factor. The same Kerr-linear pair cannot
represent a quartic response difference. There is another
route. If two independently measured residuals depend
on the same control variable, their product vanishes wher-
ever either residual vanishes,

Z(eAeB) = Z(eA) ∪ Z(eB),

where Z denotes the set of zeros. The order of the en-
coded equation can therefore be increased by composing
response equalities rather than increasing the order of
any one material response.

To make this economical, both quadratic conditions
share a linear reference cavity with input-output law
P0(n) = Gn. Let

qj(s) = s2 + bjs+ cj

be a supplied factor written in terms of the common input
power s. Choosing the detuning and linewidth of Kerr
cavity j as

∆j = −bjKj

2G ,

γ2
j = G− ∆2

j +
cjK

2
j

G2 ,

Pj(n) − P0(n) =
nK2

j

G2 qj(Gn)

(9)

makes the equality Pj = P0 occur at the non-negative
roots of qj(s). Equation (9) is the shared-reference coun-
terpart of the coefficient map in Eq. (7). It follows by
substituting the Kerr input-output law of Eq. (6) and
matching powers of Gn, and it uses the supplied factor
coefficients directly.

One coherent input now drives a reference cavity and
two Kerr cavities A and B. Balanced detection forms
their differences from the reference, after which a multi-
plier and one outer integrator produce

eA = |aA|2 − |a0|2, eB = |aB |2 − |a0|2,

E = eA

ϵA

eB

ϵB
, ṡ = −gσE.

(10)

The scales ϵA and ϵB make the two detector outputs
dimensionless and prevent one leaf from dominating
solely by units. Analogue optical multiplication has a
component-level precedent [22], while layered optical sys-
tems already use repeated multiplication to build poly-
nomial order [21]. Figure 5 shows how those operations
are arranged around one shared reference and one control
field.

For the numerical example we choose G = 5 and

qA(s) = s2 − 3s+ 2 = (s− 1)(s− 2),
qB(s) = s2 − 7s+ 12 = (s− 3)(s− 4).

Equations (9) and (10) then give

E(s) = 0 ⇐⇒ Q(s) = 0,
Q(s) = qA(s)qB(s)

= (s− 1)(s− 2)(s− 3)(s− 4),

within the monotone operating branches and excluding
the common vacuum equality. The dynamical model con-
tains three complex amplitudes and the real controller

7
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(a) A shared-reference twinning tree

common-field
modulator

Kerr leaf A
PA(s)

linear reference
P0(s)

Kerr leaf B
PB(s)

s(t) eA = PA − P0

eB = PB − P0

×
E = (eA/ϵA)(eB/ϵB)

signed integrator
ṡ = −gσE

One common drive
evaluates every leaf.
A zero at either leaf

makes E = 0.

(b) Factor residuals grow into a tree

e1 e2 e3 e4

× ×

×

one outer
integral controller

E =
∏

j
ej/ϵj

Two quadratic leaves are computed here. Additional product lev-
els multiply the local slope by the normalised response of every
inactive leaf.

FIG. 5. The shared-reference construction illustrates how several twinning conditions feed one common field controller. (a)
One coherent input reaches a linear reference and two distinct Kerr cavities. Balanced detection forms eA = PA − P0 and
eB = PB − P0, an optical or electronic multiplier forms E = (eA/ϵA)(eB/ϵB), and one integral controller updates the common
input. The product E vanishes when either leaf response equals the reference. After this construction is established, we refer
to the hierarchy as a twinning tree. (b) Further product stages state the recursive construction rule. The present calculation
demonstrates two leaves and does not establish scaling with depth.

state s, giving seven real variables. It neither discov-
ers the factorisation nor evaluates an arbitrary expanded
quartic.

All four roots are acquired in the full three-cavity dy-
namics. Of 42 initial-power and polarity combinations,
33 acquire a root, four reach the lower imposed power
limit, five reach the upper limit, and none remain un-
locked. The largest acquired power error is 9.65 × 10−4

at the slowest-conditioned root. Repeating representa-
tive trajectories with time steps 0.01, 0.005, and 0.0025
leaves every classification unchanged, with maximum
final-power shift 3.16×10−12 between the two finest steps.
Figure 6 shows the two leaf residuals, their four-zero prod-
uct, the acquired trajectories, and the polarity-resolved
basins. Appendix B gives the parameter map and numer-
ical custody.

We have now earned a compact name for the construc-
tion. A hierarchy of material response-equality condi-
tions, joined by shared references and product residuals
under one optical control, will be called a twinning tree.
The term does not rename its components. Numerical
analysis still sees a product residual, and analogue pho-
tonics still sees a multiplier tree. The twinning tree is
their organisation around the equality of distinct driven
responses. Figure 5 sketches a recursive extension, while
Fig. 6 demonstrates only the two-leaf case. Before adding
more leaves, it is worth asking how reliably even these
four roots can be found.

VII WHEN OPTICAL ROOTS BECOME
ILL-CONDITIONED

The feedback loop learns which side of a root it occu-
pies from the sign of the differential response. This in-
formation weakens when two roots approach each other.
For a quadratic q(n) = (n − r−)(n − r+), the slopes at
the roots are

q′(r±) = ±(r+ − r−).
The sign still distinguishes the two roots, but the magni-
tude of the distinction collapses with their separation.

For the cavity residual, implicit differentiation of
Pj [nj(s)] = s gives ∂snj = 1/P ′

j(nj). Applying this to
the intensity difference at a simple root yields

χ
(±)
∆ = − r±q

′(r±)
P ′

1(r±)P ′
2(r±) , q′(r±) = ±(r+ − r−). (11)

Equation (11) connects the algebraic conditioning of
the polynomial to the physical susceptibility defined in
Eq. (3). Provided the two cavity branches remain regu-
lar, the local feedback rate vanishes linearly as the roots
coalesce. The regular-branch qualification matters be-
cause nonlinear cavities can be multivalued [26, 28] and
dynamically unstable [27] independently of the encoded
polynomial.

The numerical consequence is direct. All seven tested
simple root cases settle, but the measured settling time
grows from 36.09 to 210.14 over the sampled separations.
At exact even multiplicity, the residual has the same sign
on both sides of the root,

q(n) = (n− r)2 ≥ 0.
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FIG. 6. The seven-variable shared-reference calculation acquires the four roots of (s−1)(s−2)(s−3)(s−4) = 0. (a) The product
vanishes where either differential response vanishes. Leaf A supplies s = 1, 2 and leaf B supplies s = 3, 4. (b) Representative
full cavity trajectories acquire every root. (c) Of 42 initial-power and polarity combinations, 33 acquire a root, four reach
the lower imposed power limit, and five reach the upper limit. None remain unlocked. (d) The predicted local rates vary by
more than an order of magnitude, and the slowest-conditioned root carries the largest finite-time error. Repeating the four
representative runs at time steps 0.01, 0.005, and 0.0025 leaves every classification unchanged. The maximum final-power shift
between the two finest steps is 3.16 × 10−12.

No fixed polarity in Eq. (8) can be restoring from both
directions. One side approaches the root while the other
is driven towards an imposed power limit. Figure 7 shows
the susceptibility collapse, the slowing simple root acqui-
sitions, and all four side-polarity combinations at repeti-
tion.

The product hierarchy introduces a second condition-
ing channel. At a root contributed by leaf A, differentia-
tion of Eq. (10) gives

∂sE|eA=0 = ∂seA

ϵA

eB

ϵB

∣∣∣∣
eA=0

,

with the roles exchanged for a root of B. The outer
rate therefore depends on the active leaf slope and on
the off-root value of the inactive leaf. Normalisation can

balance their typical magnitudes, but it cannot recreate
a derivative that has vanished. This explains the order-
of-magnitude spread in the four predicted rates of Fig. 6.
The derivation and integration details are collected in
Appendix B.

These limitations are computational, not incidental en-
gineering defects. Delay restricts how aggressively the
residual can be followed [24, 25], finite power restricts
which roots can be represented, polarity selects a local
basin, and multiplicity can remove two-sided accessibil-
ity altogether. An optical root is consequently defined
by both an equation and an operating domain. The field
finds the root only where the material responses continue
to provide directional information.
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FIG. 7. The conditioning calculation shows the loss of first-order information as two encoded roots coalesce. (a) The predicted
local feedback rate vanishes linearly with root separation. (b) All seven simple root cases settle, but the measured settling
time grows from 36.09 to 210.14 over the tested separations. (c) At exact repetition each fixed polarity approaches the root
from only one side. The opposite-side trajectory reaches the imposed input power limit. The obstruction belongs to the scalar
differential response rather than to the choice of gain.

VIII TWINNING AS COMPUTATION

A twinning field is a zero of measured differential re-
sponse. Section II established the fixed-point equivalence
for a strict common-field loop, and Sec. III showed that
local acquisition is governed by differential susceptibility
and delay. The same mechanism locked the currents of
two small Hubbard systems in Sec. IV. Sections V and
VI then reversed the original question. Instead of calcu-
lating a field for a given pair of materials, we chose the
response laws so that their twinning fields represented
the roots of a supplied equation. The resulting three-
cavity, seven-variable model acquired all four roots of
a factorised quartic. Optical indistinguishability is no
longer only the target of the control: it is the operation
that computes.

The construction looks familiar from several directions
because none of its neighbouring languages is ornamen-
tal. At the detector, it is integral feedback acting on
an optical error signal [8, 9]. As a numerical method,
it is a continuous-time root finder acting on a residual.
In analogue photonics, it combines nonlinear response
elements with a multiplier hierarchy. Material opera-
tors already perform mathematical transformations [10]
and solve integral equations [11, 14]; optical feedback res-
onators solve differential equations [12, 13]. Delay reser-
voirs compute with recurrent physical dynamics [15, 16],
while optoelectronic and analogue optical machines seek
optimisation fixed points [17, 18]. Programmable or lay-
ered optics already supply polynomial transformations

[21, 23]. The novelty lies in what evaluates the residual:
equality between distinct systems under the same adap-
tive field.

There is a small trap in the title. The tree does not
search its branches. Every leaf is driven at once, each
evaluates its own material equality under the same s, and
the product of the returned differences determines the
next change in s. Calling the construction a twinning tree
records this physical organisation and nothing more. We
demonstrated its two-leaf form here. A deeper tree would
not be this figure with more foliage: in our construction
it would raise new dynamic-range, noise, normalisation,
and conditioning questions. Those are predictions of the
architecture, not results demonstrated here.

The distinction between feasibility and advantage is
especially important. Signed optical detection and
response-based feedback have direct precedents [6–9].
Driven nonlinear resonators are established physical sys-
tems [26, 27, 29], as are programmable nonlinear response
and analogue optical multiplication [22, 23]. These ingre-
dients make a laboratory implementation plausible. They
do not establish experimental noise tolerance, useful scal-
ing, or a speed advantage. The demonstrated compu-
tational utility is structural: supplied coefficients select
physical response laws, the systems evaluate the residual
continuously, and the retained common field identifies an
accessible solution.

Section VII also shows why the physical embodi-
ment cannot be separated from the calculation it per-
forms. Root separation determines susceptibility, the
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other leaves rescale the local slope, delay limits usable
gain [24, 25], and finite input power truncates the search
domain. A repeated root removes the sign change needed
for two-sided fixed-polarity acquisition; an independently
unstable cavity branch could remove the operating point
before the polynomial does [28]. These are not reasons to
abandon the construction. They are the quantities that
any larger one must control.

Several routes remain open. A deeper hierarchy could
represent a larger supplied factorisation, but its resource
and conditioning scaling must be calculated rather than
inferred from the schematic. A slowly deformed fam-
ily of twinning conditions might permit homotopy-style
continuation between roots, although no such controller
has been tested. Arbitrary expanded-polynomial encod-
ing, automatic factorisation, complex roots, and multi-
mode response Jacobians likewise require new physical
mappings. The original twinning-field problem asked
whether one drive could make two materials answer alike
[5]. Work on optical and Hamiltonian-encoded reservoirs
asks what a physical response can calculate [19, 20]. Here
those questions meet: equality between the answers is the
computation, and the common field plays three roles at
once—it interrogates the materials, carries the iteration,
and remains as the returned root.

Appendix A: The scalar loop and its delay boundary

We expand the differential response of Eq. (1) about
a regular root as e(Φ⋆ + δΦ) = χ∆δΦ + O(δΦ2). At
τ = 0, the polarity choice σχ∆ > 0 in Eq. (2) yields δΦ̇ =
−κ|χ∆|δΦ. The linear perturbation therefore contracts
as δΦ(t) = δΦ(0) exp[−κ|χ∆|t].

For τ > 0, we substitute λ = iω into the characteristic
equation in Eq. (4). Separating real and imaginary parts
gives κ|χ∆| cos(ωτ) = 0 and ω − κ|χ∆| sin(ωτ) = 0. The
first positive crossing has ωτ = π/2 and ω = κ|χ∆|, hence
κ|χ∆|τ = π/2. The branch connected continuously to the
stable root at τ = 0 is stable below this first crossing.

For the numerical sweep, we obtain the asymptotic ex-
ponent from a least-squares fit to log |e(t)| on the retained
tail interval. Negative fitted exponent denotes contrac-
tion. We classify finite-time acquisition only when the
residual remains below its tolerance for the prescribed
hold interval. Sweep coordinates are reported as the di-
mensionless product κ|χ∆|τ , allowing direct comparison
with Eq. (4).

Appendix B: Cavity mappings and numerical
protocols

For the Hubbard calculation, each four-site ring is re-
stricted to two spin-up and two spin-down fermions, giv-
ing

(4
2
)2 = 36 basis states. The Hamiltonian is Eq. (5),

and the current is obtained by differentiating it with
respect to the common Peierls phase. The two states
are propagated independently while the delayed current
difference updates the one phase through Eq. (2). Ini-
tial states are prepared separately for the two interac-
tions. Lock is assessed on the retained tail by the root-
mean-square current mismatch divided by the root-mean-
square common current. The instantaneous comparison
root is obtained by an independent scalar inversion at
each sampled state, not by reusing the feedback trajec-
tory.

For the single-quadratic construction, substituting the
parameters of Eq. (7) into the two laws in Eq. (6) gives
P1 − P2 = n[(∆1 − n)2 + γ2

1 − γ2
2 ] = n(n2 + bn + c).

In our parameterisation the linewidths are positive when
L > 0 and L + ∆2

1 − c > 0. The working interval is
also chosen so that both P ′

j(n) > 0, making nj(s) single
valued there. The full complex amplitudes, rather than
adiabatically eliminated intensity curves, are integrated
in the acquisition runs governed by Eq. (8).

For a supplied factor qj(s) = s2+bjs+cj , substitute the
detuning and linewidth in Eq. (9) into Pj −P0. Collecting
powers of n gives nK2

j qj(Gn)/G2. At a root contributed
by leaf A, differentiation of Eq. (10) gives

∂sE|eA=0 = ∂seA

ϵA

eB

ϵB

∣∣∣∣
eA=0

,

with the analogous expression after exchanging A and
B. The active-leaf slope and the off-root response of
the other leaf therefore jointly determine conditioning,
consistent with Eq. (11).

All numerical producers write tables before any plot-
ting step. The scalar delay, Hubbard, cavity, condition-
ing, and twinning tree projectors read retained CSV files
and do not invoke the simulations. The two-leaf cavity
model has three complex amplitudes and one real con-
troller state, hence seven real dynamical variables. The
twinning tree sweep contains 42 initial-power and polar-
ity combinations, uses imposed lower and upper input
power limits, and classifies acquisition by retained root-
distance and hold tolerances. Representative trajectories
were repeated at steps 0.01, 0.005, and 0.0025. Producer
hashes, integration horizons, convergence summaries, ref-
erence roots, run classifications, and plot-ready traces are
retained with the numerical data.
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