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We ask when the reduced equilibrium state of an open quantum system can be written not merely
as an implicit density operator but as an explicit Hamiltonian-level generator. Starting from the
quenched representation of the traced Gibbs state, we derive an exact Gaussian reformulation in
which bath physics enters through scalar kernel moments while operator growth is carried entirely
by the adjoint chain generated by the bare Hamiltonian and the coupling. The exact Gaussian
HMF therefore comes with a compositional architecture of its own: an adjoint orbit, a bilinear
influence aggregation, and a nonlinear Baker-Campbell-Hausdorff recombination. This yields a
closure criterion: a finite closed-form Hamiltonian of mean force exists only when that operator
family closes inside the chosen ansatz. For the spin-boson qubit all three layers close exactly,
yielding, to our knowledge, the first closed-form HMF for a genuinely noncommuting open quantum
system. The same variables organize the numerical crossover: once the dressed state outgrows
the available basis, simulation error reflects a representability bottleneck rather than a breakdown
of the exact theory. The resulting perspective treats strong-coupling equilibrium as a problem of

constructive reduced description, compact operator classes, and finite-resource inference.

INTRODUCTION

A central question of equilibrium quantum statistical
mechanics is what survives coarse-graining. Before re-
duction, equilibrium is generated by a Hamiltonian and
written p o< e 7#H: the state and its generator are given
together. After an environment is traced out, the reduced
equilibrium state remains well defined, but the genera-
tor need not remain transparent. The sharper question
is therefore not whether reduced equilibrium exists, but
whether it can still be written as an explicit Hamiltonian
rather than only as an implicit density operator. This
is the inside-out version of equilibrium, where one starts
from the reduced state and asks what generator, if any,
survives the reduction.

For an open system with finite coupling, the opera-
tional equilibrium state of the subsystem is the reduced
state of the global Gibbs ensemble,

pQ(B) = Trx e” e, (1)
TI‘Xe_’BH‘O‘

Zx(B)

6_5HMF(B) X Zx(6> = ’I‘I‘Xe_ﬂHX.

(2)

The Hamiltonian of mean force (HMF) is the operator
that restores a Gibbs-form description after the bath has
been traced out. It is therefore the exact reduced equilib-
rium generator whenever system—bath coupling is finite
[1Hg] .

Why care about a mean-force Hamiltonian at all?
First, it underlies the free-energy, work, and entropy re-
lations of strong-coupling thermodynamics [T, 4, [7HIO].
Second, it provides a consistent reduced equilibrium state
when correlations with the environment cannot be ig-
nored [3, [TT], 12]. Third, and more conceptually, it turns
a traced Gibbs operator into a constructive reduced de-
scription that can be inspected, truncated, or compared
across operator families.

That constructive viewpoint matters whenever re-
duced descriptions must remain explicit, interpretable,
or computationally tractable. Recent work on repre-
sentation cost emphasizes that coarse-graining is con-
strained by what a reduced model class can continue to
carry [I3]. A parallel instinct now appears in machine
learning through compact compositional architectures
such as Kolmogorov—Arnold networks, which ask when
complicated multivariate dependence can still be carried
by a structured low-complexity decomposition [14]. We
return to that comparison only after the physics problem
has been made precise. The present paper remains en-
tirely about equilibrium statistical mechanics: given an
exact reduced Gibbs state, when does it stay inside a
compact operator family?

The literature is broad but structurally clear. Canoni-
cal definitions and thermodynamic identities are now well
established [IH4l [7]. Exact evaluations exist in special
cases: commuting interactions close trivially, quadratic
models preserve Gaussianity, and finite-dimensional ex-
amples such as the spin-boson model provide controlled
testbeds [I5HI9]. Benchmark asymptotes in weak cou-
pling and in strongly dressed regimes are also known
and remain important checks on any exact construction
[20, 21]. Recent work has further emphasized operator
structure, bath feedback, and finite-reservoir generaliza-
tions [22H24].

Outside solvable models, however, the HMF is usu-
ally accessed numerically or perturbatively. Reaction-
coordinate mappings, polaron transforms, hierarchical
equations, stochastic approaches, and direct imaginary-
time solvers can compute pg(5), but they rarely return a
compact closed-form generator [25H36]. The obstruction
is therefore not the existence of the reduced equilibrium
state but its representability: when does the logarithm
of a traced exponential stay inside a restricted operator
family such as few-body terms, local operators, or a cho-



sen algebra?

The influence-functional formalism is a natural lan-
guage for this question. For Gaussian baths with lin-
ear coupling it provides an exact route to integrating
out environmental degrees of freedom [16, 17, 37]. In
equilibrium it becomes an imaginary-time influence func-
tional, which admits a Hubbard—Stratonovich rewriting
as a quenched stochastic average [38-40]. This formula-
tion makes the reduction step explicit: the partial trace
becomes an average over imaginary-time back-action his-
tories, while all remaining questions are pushed onto the
system operator algebra.

The present paper takes the quenched-density con-
struction of Ref. [41] as its exact starting point and uses
it to answer a representability question. For Gaussian
baths with linear coupling, bath statistics collapse to
scalar kernel moments while operator growth is gener-
ated entirely by the adjoint chain {ad%,, (f)}n>0. In the
Gaussian sector the exact HMF already comes with a
compositional architecture: an adjoint orbit, a bilinear
aggregation weighted by bath moments, and a nonlinear
BCH recombination. Conditions (C1)—-(C3) are precisely
the closure conditions for those three layers to remain
inside a chosen operator ansatz. We then instantiate
this criterion in the spin-boson qubit, where the reduced
equilibrium compresses to a closed Bloch-plane generator
controlled by two response channels and a single influ-
ence magnitude. To our knowledge this yields the first
closed-form HMF for a genuinely noncommuting open
quantum system. The same variables organize the nu-
merical crossover, revealing a representability bottleneck
once the dressed reduced state outgrows the chosen finite
basis. The KAN comparison then becomes a statement
about the compositional structure already present in the
exact HMF construction itself.

QUENCHED REPRESENTATION AND
INFLUENCE FUNCTIONAL

We begin by recapitulating the quenched representa-
tion introduced in Ref. [41]. To proceed directly from the
introduction, we make explicit the composite model. We
denote the bare system Hamiltonian by Hg and write

Hiot = Hg + Hx + Hin, (3)

where Hx is the bath Hamiltonian. We assume a factor-
izable interaction

Hint:f®Bv (4)

where f acts on the system and B is a bath operator.
We can define the reduced equilibrium operator (up to
normalisation) by po(8) = Trxe PHir.  As shown in
Ref. [41], this can be represented as a quenched density.

This is an average over a stochastic propagator, given by:

PQ(B) = E¢[Ue(8)], (5)
8
Ue(B) = Tr exp [—/0 dr (Hq +§(T)f)1 ,  (6)

where £(7) is a stochastic process whose statistics encode
the bath correlations, and 7, denotes time-ordering in
imaginary time. Regardless of the precise form of bath
and coupling, the reduced density must always be de-
scribable in this form.

This result can be understood intuitively by first ob-
serving that since the environment influence can only
enter through the system coupling f, its influence can
be captured by attaching a 7-dependent driving field to
f [42 [43]. If this were a single deterministic field how-
ever, it would correspond to the bath exerting the same
back-action history for every microscopic bath configu-
ration. But Try averages over many bath microstates
in the thermal ensemble, and hence over many back-
action histories. In this sense the partial trace is nec-
essarily an average over histories in imaginary time, and
the quenched representation simply makes this averaging
explicit. For each realisation £(7) the system evolves un-
der an imaginary-time Hamiltonian Hg+§(7) f; the bath
is then recovered by averaging over £(7) with a law cho-
sen to reproduce the bath-induced correlations. In this
sense £(7) is not a physical external control field but an
efficient parametrisation of the bath history B(7) as seen
through the coupling channel.

We may understand what formal properties are de-
manded of £ by considering the influence functional it is
required to match. Working in imaginary time, introduce
the bath interaction picture:

B(r) = eTHx Be=mHx T €[0,4], (7)

and define the bath thermal state px = e #7x /Zx. For
an arbitrary c-number source j(7) coupled linearly to
B(7), the bath generates a (time-ordered) functional

B
ﬁexp(— / drmB(r)) PX]- (8)

Here j(7) is introduced as an external c-number source
used to generate ordered bath correlators by functional
differentiation. More generally, j(7) may be any object
commuting with the bath algebra (e.g. a system operator
tensored with Ix). In the influence-functional derivation
it is ultimately supplied by the system history, which be-
comes a c-number function in the path-integral represen-
tation. In the influence-functional approach, tracing out
the bath produces precisely such a functional, evaluated
on the system history through the coupling channel.

From this, the bath contribution to the effective Eu-
clidean action can be written as [16] [17), [37]

Flfl=2xlfl,  @lf] =log Ff]. 9)

Zx[j} = TI‘X




A key structural fact is that ®[f] = log F[f] is the cumu-
lant generating functional of the bath operator B(7) with
respect to the thermal state. Concretely, the generalised
(time-ordered) cumulant theorem implies the connected
expansion [44], 45]

(10)

n>1
X K(n)(Tla s 77—71) f(Tl) o 'f(Tn);

where the kernels K (™ are the connected (cumulant)
bath correlators, defined via [46]

K™(ry,... 1) = (T, B(r1) -+ B(ra)),. (11)

The explicit connection back to Eq. is given via its
functional differentiation:

0" log Zx 4]

5j(71) t 5j(7n) j=0 .
(12)

The bath influence is then completely characterised by
the hierarchy {K(”)}nzl.

To connect the influence functional back to the
quenched density, we use the fact that the bath influence
depends on the system history only through the linear

(T:B(r1) - B(ma)), = (-

functional fOB dr f(7)B(7). One may therefore represent
F[f] as the (generalised) characteristic functional of an
auxiliary field &(7) [38H40):

B
cxp<— /0 dTﬁ(T)f(T))] L)

where E¢[-] denotes averaging with respect to a (possi-
bly complex) measure on ¢-histories chosen such that
Eq. holds.

Since &(7) is a commuting c-number field, its n-point
moments are symmetric under permutations of the time
arguments. The influence kernels K™ fix the cumulants
of £ via

Flf] = E¢

(&) &), = K™ (1,0, 7). (14)

Consequently, the ordinary correlation functions of the
noise are obtained from {K ™} by the standard moment-
cumulant relations:

&) €&m))y = > I &K'{mitiec),  (15)

weP, Cen

where P, denotes the set of all partitions of the in-
dex set {1,...,n}, and C are the disjoint blocks of a
given partition m € P,. After shifting the mean so that

KM (1) = (&(1)) = 0, one has (for example)

(E(m)é(m2)) = KD (11, 72), (16)
<f(71)5(72)f( )> K(3)(7—1;7-277—3)7 (17)
(E(m)&(T2)€(T3)E(T4))

:K(4)(71,7'2,7'3,7'4)

+ K@ (1, ) K@ (73,74)  (18)

+K(2)(T1,7'3)K(2)(T2,7’4)

+ K@ (1, ) K@ (19, 73).
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QUENCHED DENSITY AND THE
HAMILTONIAN OF MEAN FORCE

The Hamiltonian of mean force is, by definition, the
operator whose Gibbs form reproduces the system’s re-
duced equilibrium state. Equivalently, it is the operator
logarithm of the unnormalised reduced equilibrium oper-
ator

“Pfher Hyp(B) = _%logﬁQ(ﬁ)’

(19)
defined up to an additive multiple of the identity (fixed
only when normalising the state).

The quenched representation in Eq. supplies an ex-
act stochastic parametrisation of the unnormalised mean-
force Gibbs operator pg(f) by making the bath trace an
explicit average over imaginary-time back-action histo-

ries. Combining Eq. with Eq. yields

1
B

Thus, constructing the mean-force Hamiltonian reduces
to evaluating a stochastic average and then compressing
the result via an operator logarithm. The conditions for
being able to perform this average exactly is the focus of
the present work.

To make the handling of this problem more concrete,
we shall specialise the environment to the Caldeira-
Leggett model, where the bath is a collection of har-
monic oscillators (Hx = ), wkbzbk) and the coupling
is linear in bath coordinates (B = ), cyxr). None of
the results that follow are essentially dependent on this
choice, and a generalisation to anharmonic environments
is (relatively) straightforward. In the interests of compre-
hensibility however, we restrict our scope to quadratic
environments. In this setting, the auxiliary field £(7)
becomes a stationary zero-mean Gaussian process com-
pletely characterized by its covariance

Ee[¢(r)§(r)] = K(r — 7). (21)

The kernel K(7) is determined by the bath spectral den-

po(B) = Trxe

Hyr () = — < log E¢[Ue(B)] - (20)



sity J(w) =5 >, miiwk d(w — wy) via the relation [47]

K(r) = % /O " dw () COS};E‘;&? B/i/;)ﬂ)). (22)

A key property of this kernel is its integrated strength.
Integrating Eq. yields

A R 8 cosh(w(B/2 — 7))
/0 dTK(T)—ﬂ_/O de(w)/O dr sinh(3w/2)

1 [ 2
= 7/0 de(w);

™

=2\, (23)

where A is the explicit reorganisation energy. Conse-
quently, the total variance of the integrated noise field
== foﬁ dr £(7) grows linearly with inverse temperature:

B B
Ee[2?] = /O dr /0 A K(r—7) =28\ (24)

In the case that the system and its coupling commute,
[Hg, f] = 0 and f is 7-independent in imaginary time.
In this instance time ordering drops out, and the average

is given by [1]:
pQ(B) = exp [—ﬁ (HQ - Koéﬁ)ﬁ)] : (25)

which in turn yields

ko(B)
o I

1
B

Notably this correction to Hyp () is entirely classical
[41]. This is hardly surprising, but emphasises that quan-
tum effects must stem from non-commutativity. A truly
quantum theory of thermodynamics therefore only makes
meaningfully distinct predictions when [Hg, f] # 0. In
this case however, the noise enters through a noncom-
muting operator inside 7, rendering the question of av-
eraging highly non-trivial. In the next section, we attack
this problem directly, deriving conditions under which
Hyr () possesses a closed form.

Hwur(B) = Hq log Zx (8) L. (26)

GENERATING-FUNCTION STRUCTURE OF
THE INFLUENCE OPERATOR

Quenched propagator and Gaussian resummation

The starting point is the quenched propagator intro-
duced above. In the imaginary-time interaction picture
with respect to Hg, the unnormalised reduced equilib-
rium operator takes the form

PQ(B) = e PHe (We(B))e,

B . 27
Ws(ﬁ)zﬁexpl— /O dT&(T)f(T)], =0

4

where f(T) = e"Ha fe=™Hao and the noise covariance is
(e = K(r - ).

Because the bath is Gaussian, only the second cu-
mulant of ¢ is non-vanishing. Time-ordering introduces
a non-trivial operator structure, but the key identity—
proved in Appendix [A}—is that the Wick resummation of
all pairings exponentiates exactly:

B B .
(We(B)e = exp [; [ ar [ e =) T

(28]
The proof is a direct application of Wick’s theorem to
the Dyson expansion of We: at order 2p in the expan-
sion, there are (2p)!/(2Pp!) distinct Wick pairings, each
weighted by the two-point kernel K (7; —7;). The prefac-
tors from the Dyson expansion precisely cancel the pair-
ing multiplicity, leaving only the singly-connected pairs.
We can exploit the symmetry K(7 —7') = K(7/ — 1)
to fold the square domain onto the triangular one (see
Appendix |A]), such that the exponent simplifies to

B T ~ ~
@)= [ [Car K@= i), @)
0 0
and the averaged reduced state takes the product form
pa(f) = e e B, (30)

The influence exponent A(f) is quadratic in f and de-
pends on the bath exclusively through the two-point ker-
nel K. Here the absence of higher-order bath objects is
not an approximation, but an exact consequence of the
Gaussian nature of the environment.

The ordered Green function and frequency
compression

At this stage, the operator A is still formally defined
as an integral over the bath degrees of freedom. There
is however a particularly satisfying interpretation of this
operator in which the effect of the bath is readily under-
stood. To make this explicit, we work in the eigenbasis
of Hg. Let Hgli) = E;li), so that the matrix elements
of the interaction-picture operator are

fii (7) = GIf(7)|F) = fij €297,

Substituting into Eq. and expanding in the eigenba-
sis, the influence exponent takes the spectral form

AB) = Ailixel, (32)
@0

where evaluating the matrix elements of the operator
product yields

Nie =" fij 150 G (wijy wie), (33)
J



where all bath and temperature dependence has been
absorbed into the ordered Green function

B T ,
G~ (w1, ws) = / dT/ dr' K(1 —7') e 7t - (34)
0 0

In standard finite-temperature perturbation theory, anal-
ogous time-ordered integrals are evaluated using discrete
Matsubara frequencies. Here, the integration instead
projects the bath response directly onto the Laplace fre-
quencies set by the system’s own energy differences; the
superscript > records that 7 > 7’ throughout the inte-
gration domain.

The double integral in Eq. collapses to a one-
dimensional Laplace transform upon changing variables
tou=7—7"and v="1"

PN (wo) — K(wr)
w1 + w2

G> (wl,wg) = 5 (35)

where

B
K(w) = /0 du K (u) e (36)

is the bare Laplace transform of the bath kernel. Eq.
is an exact closed form valid for all wy + wo # 0. Impor-
tantly, it implies that for any transition between levels in
the reduced system, the entirety of the bath’s influence
is encoded by K evaluated at the transition frequency.

The resonant channel w; + ws = 0 requires separate
treatment. Taking the limit carefully yields

B
Rw) =G (w,—w) = /0 (B —u) K(u)e"  du, (37)

where the factor (8 — u) is the available imaginary time
after a bath correlation at separation u; the resonant ker-
nel thus accumulates bath memory over the full thermal
interval, regulated by the finiteness of 3.

The structure of Eq. admits a pleasingly simple
diagrammatic reading, illustrated in Fig. To isolate
the physically distinct effects of the bath, we partition the
influence exponent into its secular (diagonal) and mixing
(off-diagonal) components, A = Ay + A .

The secular sector Ay = >, Ayli)i| singles out the
closed loops © — j — i, for which w;;+wj; = 0 identically.
The resonance condition forces the bath propagator onto
R(w;j), the object that accumulates bath memory over
the whole thermal interval. The diagonal elements are
thus the exact, non-perturbative self-energy dressing of
the i-th energy level by all levels j it is coupled to:

A = Z|fij|2 R(wij). (38)

Conversely, the mixing sector A =37, Azeli){| de-
scribes open chains i — j — £, where energy is not con-
served at the intermediate vertex. Using the closed form

Jij fie
~~ ~——
(&) @ (&)

G> (wij 5 w.lf)
A;¢ (open chain)

fis
-~ N
R(wij) \_/@
fii
Ay (self-energy)

FIG. 1. Diagrammatic structure of the influence exponent
A(B) in the Hg eigenbasis. Top: The off-diagonal element
Aj¢ (open chain) sums intermediate sites j, weighted by the
bath propagator G~ (wij;,wje) (wavy line) and two coupling
insertions f (arrows). Energy is not conserved at the interme-
diate vertex. Bottom: The diagonal element A;; (self-energy)
is a closed loop ¢ — j —1; the resonant condition wi + w2 =0
is satisfied, and the bath propagator collapses to R(wi;).

in Eq. (3F)), these components can be expressed directly
in terms of the Laplace-transformed bath kernel K(w):

1
Ajp=— i fie [€799 K(wje) — K(wij L # 0),
¢ e ijfﬂ [6 (wje) (w J)] (i #0)
(39)
which encodes the coherent transitions between distinct
energy levels mediated by the asymmetric fluctuations of

the bath.

J

KMS symmetry and the symmetrised reduced state

The bath kernel K(7) satisfies the KMS periodicity
condition K (7) = K(8—7), which in Laplace space reads

K(—w) = e 7% K(w). (40)

Substituting into the closed form Eq. and simplifying
gives a corresponding symmetry of the ordered Green
function:

G (~wy, —w1y) = e~ Blwitws) G~ (w1, w2). (41)

Because transition frequencies telescope, w;j +wjs = wie,

applying Eq. to the matrix-element formula Eq.
immediately yields the detailed-balance constraint

Ay = e PPic A, (42)

or in operator form Af = ITATI~! where IT = e #He,
Although A itself is not self-adjoint, this relation is a
precise constraint: the product ITA is Hermitian.



This symmetry allows us to recast the unnormalised
reduced state Eq. into a manifestly positive, Hermi-
tian form. Writing the bare Gibbs factor as I = e7#fe
gives pg = Me®. By splitting IT = IT'/2M1Y/2 and in-
serting the identity IT-1/2II'/2 = 1, we symmetrically
distribute the bare weight:

ﬁQ :Hl/Q(Hl/Q €AH71/2)H1/2. (43)

Applying the operator identity Ae®A~1 = exp(ABA™!)
to the inner bracket yields

po=TY2e5TV2 5 = M2ATTY2) (44)
where S is the symmetrised influence operator. Its ma-
trix elements evaluate to S;; = e #wit/2A;,, which by
Eq. satisfy S}, = Sp;. Thus, the modified exponent
S is strictly self-adjoint. The partition function of the
reduced system follows by cyclicity of the trace:

Zo = Tr[pg] = Tr[lle’] = Ze‘BEi (%) (45)

Since S is self-adjoint, (e%);; > €% = e®i' by Jensen’s
inequality applied to the spectral weights |(i|n)|?, giving
the bound
ZQ > Ze*,@ErFAu’ (46)
i

where the right-hand side is a Boltzmann sum with bath-
shifted energies and equality holds when S is diagonal
(i.e. when Hg and A share an eigenbasis). The full re-
sult Zg = Tr[Ile®] captures all level-mixing corrections
through the off-diagonal elements of S.

CLOSURE OF THE HAMILTONIAN OF MEAN
FORCE

The obstruction to writing Hyr(8) in a compact oper-
ator form is not the existence of the mean-force object (it
is defined by a logarithm), but the representability of that
logarithm inside a restricted operator family (few-body,
local, Pauli strings, etc.). In the harmonic case this repre-
sentability question reduces to a precise closure problem.
To show this, we first write the quenched propagator in
the imaginary-time interaction picture with respect to
HQ:

Ue(B) = e PHeWe(B),

B .
We(B) = T exp [— / dré(r) f(r)

(47)
0 b
where f(7) = e™He fe~THe,
Because the noise is classical Gaussian with zero mean,
the average of the time-ordered exponential resums ex-
actly in terms of the second cumulant. Time ordering

adds a non-trivial complication, which is addressed in
Appendix [A] The result may be succinctly expressed in
terms of an influence operator

(We(B))e = W(B) = exp(A(B)),
pa(B) = (Ue(B))e = e ?Ha 29,

where the influence exponent A(S) is defined in accor-
dance with Eq. . It is convenient to perform a final
simplification of this exponent to remove the explicit time
ordering, the details of which we relegate to Appendix[A]
After this manipulation, A(5) takes the form

(48)

B T - .
A(B) E/O dT/O dr' K(r —7') f(r) f (7). (49)

To progress, we introduce the adjoint chain generated
by Hg acting on the coupling,

Ju = adfy, (),

so that the interaction-picture operator has the exact se-
ries

adHQ (A) = [HQ, A], (50)

3 T —T T"
fry=efafefio =% —f,. (51)
n>0
Substituting Eq. into Eq. yields
AB)= > Cr(B) futm, (52)
n,m>0

where we have further defined an ordered kernel-moment
matric

> (8) = /06 dr /OT i K(r — ')

,Tn T/m
Here the notation > is used to track the triangular do-
main of integration, where 7 (associated with n) is the
upper limit of integration for 7" (associated with m).
With this definition, all bath/temperature dependence
enters A(S3) only through the scalar moments C; (3),
while all operator structure is carried by the adjoint chain
{fn}. The final step is to re-express the averaged propa-
gator in a single exponential. Using Eq. we write

ﬁQ(ﬁ) = ¢ PHa AB) = e_ﬁHMF(ﬂ)7 (54)
where the mean-force Hamiltonian satisfies
~BHyr(B) = log (e~ Hact (V). (55)

Let A = —fHg and B = A(f). The Baker-Campbell-
Hausdorff (BCH) series [4850] gives

log(e?e?) = A+ B + %[A, B]

1 1
+ E[A’ [A, B]] + E[B’ (B, A]] + - - - (56)



Dividing by —f and using A = —H( yields the expan-
sion

= Ho = 5A(8)+ 5
~ 2 1Ha, (Ho, M) (57)

1
iz

Hyr(B) [Ho, A(B)]

Expressed in this way, the closure content of Hyr(f) is
transparent: all terms are built from repeated commuta-
tors of Hg acting on A, together with higher BCH terms
involving commutators among those objects.

To see the explicit generator, introduce the adjoint su-
peroperator adg,, (-) = [Hg,]. Then Eq. becomes

Hyr(B) = HQ—*A‘F adHQA

P (5)
2
— EadHQA‘i_ E [A7adHQA] +

Finally, because A() is quadratic in the adjoint chain,
each commutator with Hg simply shifts indices:

adHQ(fnfm) = [HQafnan] = fn+1fm + fnfm+1~ (59)

Hence the first commutator term takes the explicit form

[Ho,AB]= ) Cp,

n,m>0

(6) (fn+1fm + fnfm+l)7 (60)

and higher ad]fq QA generate the same family of products
fafv with shifted indices. The remaining BCH terms
(e.g. [A,adp,A]) introduce commutators among these
quadratic elements, and are the sole source of additional
operator growth beyond the quadratic span. The only
remaining question is whether the operator family gen-
erated by Eq. can be brought to a closed form.

The preceding identities imply that the entire BCH
commutator tower linear in A remains within the
quadratic span span{ f, f,, }. Terms to this order explic-
itly admit a closed resummation. Let A = —SHg and
B = A(B). Then the BCH logarithm satisfies the stan-
dard linear-in-B identity [51, [52]

log(e*e?) = A+ ®(ada) B + O(B?),
x (61)
P(x) = .
(z) 1—e "
Because A = —fHg, the Todd/Bernoulli generating

function must be evaluated at the negative superoper-
ator argument; this sign is what reproduces the explicit
BCH coefficients in Eq. . Substituting A = —5Hg
and dividing by —/ gives the mean-force Hamiltonian to
first order in A:

Hur(8) = Ho — %@( ~ Bady,) AB) + O(A%). (62)

Expanding ® yields the explicit commutator series with
Bernoulli numbers By,

Hur(8) = Hq — Z ﬂk adfy, A(B) + O(A?),
k>0
B 2 a2t
B(x) =Y () = 1+2+E—m+ -(63)

k>0

Using Eq. repeatedly, the iterated commutators ad-
mit the closed binomial form

k

adjy, (ffm) = (’;) Fosj Fmin—jr  (64)

Jj=0

so every term in Eq. is explicitly a linear combina-
tion of products f, f, with scalar coefficients determined
solely by C> () and universal combinatorics. Because
of this, we may bring the first order contribution into
a particularly compact form by introducing the discrete
shift operator D. This will act on the moment matrix
C~ as

(DC?)ab =CF 1, +C0y 1,

65
Co.=0 (65)

if any index is negative.

Then Eq. implies, after reindexing,

> (DC* (B))as fufvr  (66)

a,b>0

adg,A(B) =

and by iteration,

ad]quA(ﬂ) = Z (ch>(ﬂ))ab fafb' (67)

a,b>0

3 k _\k k .
Equivalently, (D*C™)qap = 325 (]) Ca>7j7 b—(k—j)» Which
is the binomial index-shift structure implied by Eq. (64]).
From this we obtain the following form for Hyr(8) to

linear order in A:

Hur(B)

Z C2y(B) fafs

a,b>0 (68)
+ O(N),

where the renormalised moment matriz C> () is the uni-
versal transform

~BD)C>(B) =

k>0

&> (5) = 9 LG DRC>(8). (69)

Thus, to linear order in the influence operator, the mean-
force Hamiltonian is ezactly a quadratic form in the prod-
ucts fu fp, with all bath/temperature dependence enter-
ing only through the scalar matrix CN';)(B) Any opera-
tor growth beyond the quadratic span is confined to the
nonlinear BCH sector O(A?) (e.g. [A,adp,A]). While



these terms are more difficult to handle as they involve
commutators of quadratic forms, they nevertheless ad-
mit a precise series expansion via the full BCH formula
Eq. . With this form in hand, we can now state a
theorem for the representability of Hyp(8) in a given
operator family A as a closure criterion.

Theorem: Finite representability of mean force

Fix a target operator family A (e.g. k-local Pauli
strings, a Lie algebra plus identity, or a finite-dimensional
associative operator algebra) in which we seek to repre-
sent Hyvp(B). The Gaussian construction above allows
us to formulate the exact criteria for representability as
a closure theorem. In a physical sense, these conditions
determine whether a valid local generator can be defined
for the system at all; failure of closure implies that the
effective Hamiltonian is fundamentally non-local with re-
spect to the algebra A.

Theorem (Closure of the Mean Force). Let A be a
target operator space containing the bare system Hamil-
tonian Hg and coupling f. The Hamiltonian of Mean
Force Hyp(B) admits a finite representation within A if
and only if the following three closure conditions are sat-
isfied:

(C1) Adjoint Closure (No linear operator growth).
The subspace generated by repeated commutators of the
coupling f with Hgo must remain inside A:

FeA  adp,(A)C A,
equivalently span{f,}n>0 C A.
(C2) Quadratic Closure (No growth in the Gaussian
sector). Because the exact influence operator A(B) is

quadratic in the adjoint chain, the quadratic span gener-
ated by {f,} must also lie in A:

(70)

fufm € A for all indices that contribute in A(f),
(71)
so that A(S5) € A. A sufficient (and common) condition
is that A is an associative algebra containing the identity
and closed under multiplication.

(C3) BCH Closure (No growth from commutators
among quadratic elements). To ensure that the full
BCH logarithm log(e##2e”) remains in A, the com-
mutators generated among the quadratic elements must
also close in A; in particular

[A(8), adf, A(B)] € A

and similarly for the higher nested commutators appear-
ing in the BCH series. A sufficient (and common) con-
dition is again that A is a finite-dimensional associative
algebra (or a Lie algebra containing A and closed un-
der commutators), in which case all BCH commutators
remain in A by construction.

for all k > 0, (72)

Consequence (closed-form mean-force Hamiltonian).
If (C1)—(C3) hold, then A(B) € A and all BCH commu-
tators generated by Eq. remain in A. Since Hg € A
by assumption, it follows that

pa(B) = P,

—BH\r(B) = 10g(€_BHQ€A(m) ; ()
defines an Hyp(5) € A and hence a closed-form rep-
resentation of Hyr(5) (up to the usual additive scalar
fixed by Zx). If either (C1) fails (adjoint-chain growth)
or (C2)—(C3) fail (growth in the quadratic/BCH sector),
then A(f) and/or the BCH commutator tower generates
operators outside .4; any representation within A is nec-
essarily truncated or projected.

This statement leads to an important corollary. For
continuous variable systems Hg = p?/2m + V (), if the
potential V' (z) is a polynomial of degree greater than 2,
the adjoint chain {f,} generally does not close in any
finite-dimensional Lie algebra; instead, it generates the
full universal enveloping algebra. Consequently, no finite
representation of the mean force exists within the original
operator class. This obstruction is analogous (in spirit)
to the Groenewold—Van Hove no-go theorem on consis-
tent quantisation of polynomial observables: the failure
to close the Lie algebra under adjoint action corresponds
to the impossibility of mapping the quantum evolution
of non-quadratic potentials to a finite phase space flow.
For such potentials, there is no local operator that exactly
describes the reduced equilibrium state.

From a practical standpoint, the closure of A is not
necessary for an arbitrarily accurate approximation of
Hyr (B), as the BCH logarithm log(e~#H2e?) still yields
a controlled expansion. The operator content is gen-
erated by the adjoint chain and its quadratic prod-
ucts, while all bath dependence remains scalar through
C;..(8). One may therefore truncate (in commutator
depth, locality class, or operator weight) without intro-
ducing any approximation on the bath side.

Approximate methods as choices of operator class

This algebraic perspective also clarifies approximate
open-system methods. Numerical schemes such as the
polaron transformation [25] 47], hierarchical equations of
motion [32], and chain-mapping/DMRG techniques [34]
may be understood as distinct choices of the target op-
erator family A or distinct rules for enlarging it. The
polaron frame dresses A with coherent displacements;
HEOM truncates the memory depth of the influence
functional while mirroring operator growth in the adjoint
chain; and chain mappings truncate the spatial extent
of the harmonic bath. The closure problem is therefore
equivalent to identifying a reduced model class that is



large enough to contain the logarithm of the quenched
propagator, yet small enough to remain usable.

Constructive reduced generators and compact
operator classes

At the level of the global Gibbs operator, the equi-
librium problem is linear: one exponentiates Hio and
traces over the bath. The difficulty appears only af-
ter reduction. The partial trace removes environmental
degrees of freedom explicitly, but the subsystem gener-
ator is recovered only after the nonlinear compression
Hur(8) = —(1/8)1og po(5). The HMF is therefore not
merely another name for the reduced state. It is the
constructive object that tells us whether the reduced de-
scription can still be written inside a tractable operator
family.

Viewed this way, Conditions (C1)-(C3) are closure
conditions on a target operator class. Adjoint closure
asks whether repeated system—bath back-action remains
inside the chosen family. Quadratic closure asks whether
the Gaussian influence can be expressed in that same
family. BCH closure asks whether recombining the re-
duced state with the bare Gibbs factor introduces gen-
uinely new operators or stays compact. When all three
hold, the reduced equilibrium admits an explicit genera-
tor that is exact, finite, and inspectable.

The failure modes are equally informative. If the ad-
joint chain proliferates without closure, then the reduced
generator cannot be compressed into the proposed ansatz
without loss. This is the operator-level version of a rep-
resentability bottleneck: the hidden environment has in-
jected structure that the target model class cannot faith-
fully contain. Approximate methods then differ less by
the bath data they use than by the restricted opera-
tor families they choose to keep. The same structural
question also appears in other settings where one asks
for compact decompositions rather than implicit outputs
alone. The next subsection makes that statement ex-
plicit by writing the Gaussian HMF itself as a finite com-
positional architecture, while keeping the present result
firmly at the level of exact reduced equilibrium physics.

Compositional structure of the reduced generator

The Kolmogorov—Arnold theorem asks when a multi-
variate map can be written as a finite composition of
univariate functions and addition; in the notation used
by Kolmogorov—Arnold networks one seeks representa-
tions of the form F(x) = > ®4(3_, #q,p(7p)), with the
univariate edge functions then learned inside a chosen
basis class [14]. The relevant point for the present paper
is that the exact Gaussian HMF already comes with its

own compositional architecture. The KAN comparison
therefore does not need to be metaphorical.

Proposition 1 For a Gaussian bath linearly coupled
through f, the exact Hamiltonian of mean force is gen-
erated by three explicit compositional layers determined
entirely by (Hq, f, K, B). First, the univariate operator

orbit is the adjoint chain f, = adf(f). Second, the
influence exponent is the bilinear aggregate
AB)= D Con(B) fufm: (74)

n,m>0

Third, the reduced generator is obtained by nonlinear
BCH recombination of that aggregate with the bare Gibbs
factor,

Hye (8) = Ho — %«b( ~ Bady,)AB) + O(A?), (75)

with the higher-order terms supplied by the full nested
BCH series. Conditions (C1)-(C3) of the closure the-
orem are exactly the layerwise conditions that keep the

adjoint orbit, the bilinear aggregate, and the nonlinear
BCH tower inside a chosen operator ansatz A.

Figure[2] makes this three-layer correspondence explicit
and shows the spin-boson qubit as the worked case in
which each open-ended layer terminates into a closed fi-
nite structure.

This is more than a family resemblance. The Gaussian
HMF construction already provides the three ingredients
usually separated in a compact compositional model: ba-
sis atoms, an aggregation tensor, and a nonlinear com-
position rule. The adjoint orbit is a discrete univariate
basis in operator space: one generator, one seed, one or-
bit index n. The matrix C} (8) is the aggregation ten-
sor, but here it is fixed analytically by the bath kernel
rather than learned from data. The Todd/Bernoulli su-
peroperator ®(—f3adp,, ), together with the higher BCH
nests, supplies the nonlinear composition rule. Thermo-
dynamics therefore provides both the architecture and
the weights.

Once written in this form, representability failure be-
comes a precise statement about model-class insuffi-
ciency. If the adjoint orbit or its quadratic and BCH
closures escape A, the exact reduced generator still exists
but no finite ansatz in that class can carry it without pro-
jection. For non-quadratic continuous-variable potentials
the orbit typically expands into the universal envelop-
ing algebra, so the thermodynamic target outgrows any
fixed finite operator family. That is the same structural
obstruction that motivates compact decompositions in
KANSs: the universal object exists, but the chosen finite
representation need not be rich enough to realize it.

In that more modest sense the discussion also touches
mechanistic interpretability. Once the layers are explicit,
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FIG. 2. Three-layer compositional correspondence between Kolmogorov—Arnold representations, the exact Gaussian Hamilto-
nian of mean force, and the spin-boson qubit. Left: a KAN builds a target from univariate edge functions ¢q ,(zp), additive
aggregation, and outer univariate maps ®,. Center: the HMF construction has the same layer structure, with adjoint orbit
fn = ad¥, (f), bilinear aggregation A(8) =3, Cim(B) fnfm, and outer composition by the Todd function ®(z) = x/(1—e™*)
fixed analytically by the BCH expansion. Right: for the qubit, Conditions (C1)—(C3) close the adjoint orbit, bilinear sector,
and BCH recombination exactly. The shared accent-coloured ® highlights the visual rhyme between learned and thermody-

namically fixed outer composition.

one can inspect which channels carry the reduced genera-
tor and which ones force basis growth. The object being
interpreted here, however, is not a trained network but
an exact reduced equilibrium operator. We now exhibit
a case where all three compositional layers close exactly.

SPIN-BOSON MODEL AS A CLOSED REDUCED
GENERATOR

We now exhibit a case where all three compositional
layers close exactly in the spin-boson model [19,47]. This
is the minimal genuinely noncommuting testbed: the
adjoint orbit terminates into a two-family alternation,
the bilinear influence remains in the Pauli algebra, and
the full BCH tower resums to a closed generator. To
our knowledge, this yields the first closed-form Hamilto-
nian of mean force for a genuinely noncommuting open
quantum system. FEarlier exact benchmarks are either
commuting, quadratic/Gaussian, or asymptotic; here the
reduced generator stays inside a finite operator algebra
with no approximation at any stage.

Let us first set conventions. During derivation we work

in the qubit energy basis, n; = 2, and then rewrite the
final answer covariantly in the coupling plane spanned by
n, and f. We take

Ho=%h,0,  f=fo (76)

2
with f = (scos, ssing,c), ¢ = cosl, s = sinf. The
overall coupling amplitude g is suppressed in intermedi-
ate expressions and reintroduced when discussing scaling.

Bath kernels and the symmetrized influence state

The interaction-picture coupling operator is
f(ry=etafe ™o —¢o 4 f e¥1To  + fre %o,
(77)
with fi = set®. The Pauli algebra then implies that all
bath dependence enters through two real response chan-
nels,

. = 5Rlwy) — Ri-wy)],
(78)

Y= 4 {cosh(5;q> K(0) — e Pwa/2KC(w,) | -

Wq



The reduced operator can be written in the symmetrized
form pg = IT'/2eSTIY/2) with I = e~ #H@ and

S = Aol +s°%,0, —sc¥ (cospo, +sinpoy,). (79)

Subtracting the scalar piece, M = S — Agl, gives an
influence Bloch vector

mg = SZJ_?J_ + 82(2,2 - EJ_)ﬁw (80)

where f, = (—ccos @, —csin g, s) lies in the coupling
plane and is orthogonal to f.
The corresponding influence magnitude is

X = [ms]| = [s|y/c*2} + 57X, (81)

and the normalized influence state is

eS

ps = Ti(ed) §[H+tanhxﬁ15"7],

Iils = ms/X.
(82)
Its tilt inside the coupling plane is fixed by the ratio of
response channels,
Cc ZJ_

tangog:—gz .
z

(83)

At this stage the constructive content is already visible:
the entire bath has compressed to two scalar channels
and one influence magnitude. The first two composi-
tional layers have therefore already closed: the adjoint
orbit has collapsed into finitely many Pauli directions,
and the bilinear influence has compressed into a finite
set of response coeflicients.

Closed reduced state and generator

Recombining the influence state with the bare Gibbs
factor yields the reduced state

1 N
szi[H+erQ~a], (84)
with Bloch components
myi =rgsingg. (85)

mz; =TQ COSYQ,

The longitudinal scale is controlled by

© = arctanh(y(x) s°S.) — %, (86)
7(x) = tanh x/x, (87)

which gives the exact solution

m, = tanh ©, (88)

Bwq p
2

m, = tanpg <mz cosh + sinh ;h;) . (89)
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FIG. 3. Bloch-plane geometry for the exact qubit construc-
tion. The bare thermal state has radius ro (blue), the sym-
metrized influence state has radius rg and tilt g (purple),
and the final reduced state has radius rq and tilt pg (red).
The exact generator never leaves the system—coupling plane.

The final tilt and radius follow as

my + 7 w
tan pg = tanpg ﬁ, ro = tanh(62q> ,
—rZm,

and

(1-r5)(1—r?)
1+ rorscosps)?’

1- ré = ( rs =tanhyx. (91)

Figure [3] summarizes this Bloch-plane geometry while
Eqgs. f are being parsed: the bare Gibbs state,
the symmetrized influence state, and the final reduced
state all remain in a single plane fixed by the system and
coupling axes.

For any full-rank qubit state, the operator logarithm is
elementary. Writing g = (m cos ¢, m  sing, m,)/rq,
the exact qubit Hamiltonian of mean force is therefore

Hyr(B) = ho(8)I — % arctanh(rg) mg-o, (92)

where the scalar ho(8) fixes normalization and carries
the additive identity freedom of the HMF. Equation
makes the closure statement concrete: the exact reduced
generator remains inside the same Bloch-plane operator
family throughout, while the bath enters only through
the two response channels (X.,%;) and the influence
scale x. This is the fully closed instance of the com-
positional proposition: the adjoint orbit terminates, the
bilinear aggregation closes in the Pauli algebra, and the
nonlinear BCH sector resums because the traceless influ-
ence obeys M?2 = x°L.



PHYSICAL REGIMES OF THE MEAN-FORCE
STATE

The exact qubit solution isolates a single scalar control
variable, x, so it is natural to organize the state diagnos-
tics around it. Reintroducing an explicit dimensionless
coupling strength through

K (u) = g° Ko(u), (93)

all response kernels inherit the same quadratic scaling
and the influence magnitude factorizes as

X(8,9,0) = g*x0(B,0). (94)

The entire recombination of bare Gibbs weight and bath
influence is therefore controlled by the universal scalar
function

tanh y
Y(x) = : (95)
X
The exact crossover scale is determined by x ~ 1, or

equivalently

X(B,9,0)~1 = g ~xo(8,0)7",  (96)

which defines the coupling scale

9+(8) = x0(B,6) /2. (97)

No approximation has been made here: g,(/3) is an exact
property of the reduced generator.
Two benchmark asymptotes remain useful. For y < 1,

X2

’Y(X) ~1- ?7 (98)
so the reduced state tracks the bare Gibbs description

with perturbative bath-induced corrections. For y > 1,

YO0 = x (99)

so the reduced generator is dominated by the normalized
influence direction. These asymptotes are best read as
benchmarks. The main point is that the full crossover is
captured by one response coordinate.

To make these statements concrete we choose the win-
dowed Ohmic spectral density

—w/we
)

Jw)=g*we w € [0, 2w,], (100)

with cutoff w. = 5w,. The ultraviolet window matches
the finite-mode simulations of the next section, while the
exponential cutoff regularizes the high-frequency tail [53].
Having fixed the bath, we set § = w/4 and w, = 1, since
the remaining behavior is already captured by the uni-
versal y-scaling.

The same scale organizes the state geometry itself. For
a qubit,

1
Po = 5(1 +15), (101)
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FIG. 4. Universal crossover structure for the exact qubit
mean-force state. Panel (a): Recombination function y(x) =
tanh x/x, which interpolates between the small-x and large-
x benchmarks and makes the xy ~ 1 crossover explicit.
Panel (b): Contour map of x(8,9) = g*xo(B) for the Ohmic
bath (100). The highlighted locus x = 1 defines the exact

crossover scale g.(8) = xo(B)'/?, separating weak-response
and strongly dressed sectors.

so the Bloch radius rg directly measures the purity of the
reduced equilibrium state. In the exact solution, increas-
ing coupling drives the state away from the bare thermal
radius 79 = tanh(fw,/2) and toward a more strongly
dressed state. The effect is most visible at high temper-
ature, where the bare Gibbs state is nearly mixed and
bath-induced structure is easiest to see.

The same coordinate also controls how rapidly the
reduced state changes. Differentiating the exact Bloch
components shows that the angle susceptibility and ra-
dius gradient peak at fixed values of x, namely Xpeak,, ~
0.42 and Xpeak,r ~ 0.85 for the Ohmic example used be-
low. After rescaling the coupling as g/g.(/3), these peaks
align across temperatures. The alignment is not a nu-
merical accident; it is the statement that the response
scale is intrinsic to the exact reduced generator.

These figures do two jobs for the remainder of the
paper. First, they make the exact-state geometry visi-
ble: crossover, purification, and susceptibility are all con-
trolled by the same scalar response coordinate. Second,
they identify the narrow region where a compact reduced
generator changes most rapidly. That is precisely the re-
gion where finite-basis numerics become the hardest to
keep inside a restricted representational class.

REPRESENTABILITY DIAGNOSTICS IN
TRUNCATED BATHS

The physical-regime diagnostics above identify where
the exact reduced state changes most rapidly. We now
ask how finite-basis numerics behave across that same
region. The exact qubit solution developed in the previ-
ous section depends on the bath only through response
data at three frequencies, w € {0,£w,}. To test it we
compare against exact diagonalization (ED) of a trun-
cated spin-boson model, where the qubit is coupled to
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FIG. 5. Purification diagnostics for the exact qubit mean-
force state. Panel (a): Reduced-state Bloch radius rq ver-
sus scaled coupling g/g«(3) for several temperatures. Dotted
horizontal lines mark the corresponding bare thermal radii
ro; the dressed state moves away from the bare Gibbs value

most sharply near the crossover. Panel (b): Purity excess

Aré = 7‘2Q — r2 over the (g,) plane. The dashed contour

x = 1 tracks the same crossover scale seen in Fig. E[

N, harmonic oscillators and each mode is represented
with a finite Fock cutoff ny.x. A useful feature of this
comparison is that the analytic kernel integrals can be
evaluated in two ways: using the full continuum spec-
tral density (the continuous analytic branch) or using the
same discrete mode set seen by ED (the discrete analytic
branch). The comparison therefore tests not only the ex-
act reduced generator but also whether a chosen finite
numerical representation can realize the same compact
reduced description.

Figure [7] compares the excited-state population piy
across coupling strengths and inverse temperatures for
N, = 40 modes. At small x, all three curves coincide.
As the system crosses the exact response scale x ~ 1, the
analytic predictions separate from ED. The key point is
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FIG. 6. Response susceptibilities of the exact reduced state.
Panel (c): Tilt susceptibility dy¢¢ versus the scaled coupling
9/9«(B). Panel (d): Radius gradient d4r¢ on the same scale.
In both cases the peak positions collapse across temperatures
and sit near, but not exactly on, the crossover line. The exact
reduced state is therefore most sensitive to bath dressing in a
narrow band around x ~ 1.

that the discrete analytic branch does not follow the nu-
merical deviation: it bends back toward the continuum
benchmark. This shows that the exact HMF theory is
already correct for the discrete mode set itself. The dis-
crepancy is therefore not a failure of the theory, nor a
finite-mode artifact.

The remaining gap is a representability bottleneck in
the truncated Hilbert space. In the large-response regime
the coupled system approaches a displaced, polaron-like
ground state, and faithfully representing that state re-
quires Nmax = |ax|? for each displaced mode ag ~ g /wg.
Once x 2 1, the chosen Fock cutoff can no longer sup-
port the required occupations. ED is then trapped in a
model class that is too small to contain the exact dressed
equilibrium state. In the language of the compositional
discussion above, the target reduced generator is known
exactly but the chosen finite representation lacks the ca-
pacity to realize it.

The same interpretation explains the bandwidth sen-
sitivity in Fig. Varying the spectral window changes
how the displacement load is distributed over the avail-
able modes. As the system is pushed across the response
scale, the required occupations grow and the available
Fock space is exhausted. The sharp peak in cutoff sen-
sitivity is therefore a direct signature of the finite basis
hitting its representational boundary.

The numerical message is therefore narrower, and
stronger, than a generic “agreement with simulation”
claim. The analytic HMF provides the correct reduced
target for both discrete and continuous baths. The ob-
served numerical deviations diagnose when a chosen finite
model class is no longer expressive enough to realize that
target.
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FIG. 7. Excited-state population pi1 across the exact re-
sponse scale for N, = 40 modes. Green solid: ED. Blue
dashed: discrete analytic theory using the same mode set.
Orange dotted: continuum analytic theory. Dashed horizon-
tal lines mark the large-response benchmark po,. The gap
between ED and the analytic branches is a representability
failure of the truncated basis, not a breakdown of the exact
reduced generator.

DISCUSSION

This paper makes four connected points. First, the
Hamiltonian of mean force is best viewed as a construc-
tive reduced generator, not merely as a formal logarithm.
Second, in the Gaussian sector this constructive ques-
tion reduces to a closure problem for the adjoint chain
generated by Hg and the coupling operator. Third, the
same structure can be written as an explicit composi-
tional architecture, which is why the KAN comparison
can be made formally rather than rhetorically. Fourth,
the same closure logic explains both exact solvability and
the failure modes of finite-basis numerics.
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FIG. 8. Cutoff sensitivity Apii = [p11(nmax = 4) —

P11 (nmax = 6)| as a function of spectral bandwidth B in units
of wy. The sensitivity peak marks the onset of the repre-
sentability bottleneck: beyond this point the truncated basis
can no longer accommodate the mode occupations required
by the exact dressed state.

Closure and constructive reduced generators

The central algebraic result is that representability of
the HMF inside a restricted operator family has an ex-
act answer. Conditions (C1)—(C3) separate the problem
into three layers: whether repeated adjoint action grows
the operator basis, whether the Gaussian influence re-
mains inside that basis, and whether the BCH recombi-
nation generates further operators. When all three hold,
the reduced equilibrium admits an exact finite generator.
When they fail, the failure is structural rather than com-
putational: the reduced state can still be computed, but
not compressed losslessly into the proposed ansatz.

This makes the closure theorem useful beyond the
present example. It turns the usual question “can we
evaluate the reduced state?” into the sharper question
“which operator family is large enough to contain the
exact reduced generator?” In that form, the theorem is
already a guide to controlled approximation. One may
truncate the operator side without approximating the
bath side, and the resulting error has a clear interpre-
tation as model-class error.

The qubit as an exact noncommuting benchmark

For the spin-boson qubit, closure is exact. The re-
duced generator remains in the Bloch plane determined
by the system axis and the coupling axis, and the entire
bath compresses to two scalar response channels together
with the influence magnitude x. To our knowledge, this
makes Eq. the first closed-form Hamiltonian of mean



force for a genuinely noncommuting open quantum sys-
tem. Earlier exact benchmarks are either commuting,
quadratic/Gaussian, or asymptotic. Here none of those
simplifications is doing the work. The work is done by
complete closure of the compositional architecture itself.

That mechanism is worth isolating. The adjoint orbit
terminates into a two-family alternation, the bilinear in-
fluence remains in the Pauli algebra, and the nonlinear
BCH tower resums because the traceless influence obeys
M? = x?I. Figure |3|is the geometric signature of that
fact: bare state, influence state, and final reduced state
all remain inside one Bloch plane. What should general-
ize to larger systems is not the specific Pauli formulas but
the separation between bath data and operator growth,
together with the question of whether every layer of that
structure still closes.

Representability bottlenecks and finite-resource
inference

The numerical diagnostics sharpen the interpretation.
ED disagrees with the analytic prediction not when the
theory becomes inaccurate, but when the chosen finite
basis is no longer expressive enough to realize the exact
dressed state. The response scale x ~ 1 marks the on-
set of this bottleneck in the examples studied here. In
other words, the crossover is simultaneously physical and
representational: it tracks both the reorganization of the
reduced state and the point at which a restricted model
class begins to fail.

This is why the distinction between discrete analytic
and numerical ED matters. Once the discrete analytic
branch peels away from ED and returns toward the con-
tinuum benchmark, the problem is no longer one of
physics missed by the generator. It is one of structure
missed by the basis. That diagnosis is useful well be-
yond this example, because many approximate methods
in open-system physics are precisely choices of tractable
operator or Hilbert-space classes.

Compositional architectures, representation cost,
and KANs

Recent work on representation cost emphasizes that
exact state descriptions are less useful than explicit gen-
erators that expose what must be retained under coarse-
graining [I3]. The HMF offers a concrete equilibrium
realization of that principle. The partial trace hides a
large environment inside a reduced state; closure deter-
mines whether that hidden structure can still be recast
as a compact generator.

The strengthened KAN correspondence is not decora-
tive. Kolmogorov—Arnold networks ask when multivari-
ate dependence can be realized by a compact composi-

15

tion of univariate edge functions and additive aggregation
[14]. The Gaussian HMF problem already has that archi-
tecture built in. The adjoint orbit is the univariate basis
in operator space, the ordered-kernel matrix C; (8) is
the aggregation tensor, and the Todd/Bernoulli BCH re-
summation is the nonlinear composition rule. Here those
objects are not learned by optimization; they are supplied
in closed form by equilibrium thermodynamics.

In that dictionary, the operator ansatz A is the model
class and closure failure is model-class insufficiency. The
exact reduced generator still exists, but a fixed finite rep-
resentation cannot realize it without projection. That is
why the non-quadratic continuous-variable obstruction
and the finite-basis numerical bottleneck belong in the
same discussion: both are instances of a universal target
outgrowing the chosen compact representation. Mecha-
nistic interpretability enters only after that point. Once
the layers are explicit, one can inspect which channels
carry the reduced generator and which ones force basis
growth.

Limitations and outlook

The main analytic restriction is Gaussianity. The
quenched representation itself is more general, but the
exact collapse of the influence to a bilinear operator de-
pends on the bath cumulant hierarchy truncating at sec-
ond order. Beyond that sector, higher cumulants gener-
ate higher operator monomials and the closure problem
becomes correspondingly richer.

Within the Gaussian sector, the next natural tar-
gets are multi-qubit systems and other finite-dimensional
models where the adjoint chain generates nontrivial
many-body operator content. There the central question
is no longer whether an HMF exists, but how rapidly
operator growth escapes a chosen locality class. In that
sense the present qubit solution is a starting point for a
broader study of constructive reduced generators in in-
teracting systems. A second direction is methodologi-
cal: once the reduced generator is written as an explicit
compositional object, one can ask which approximate
schemes preserve that architecture and which ones merely
fit the reduced state after the fact.
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Appendix A: Averaging of the Time-Ordered
Gaussian Propagator

We provide the explicit derivation of the identity in
Eq. , which relates the expectation value of a time-
ordered exponential driven by Gaussian noise to a bilocal
influence phase. Consider the time-ordered propagator

We(B) = Tr exp

B .
- / de(T)f(T)] (A1

0

where £(7) is a centered Gaussian stochastic field with
covariance (£(7)¢(7")) = K(1 —7’), and f(7) is a system
operator. We wish to prove that

(We(B))e = exp [; /0/3 " /0‘3 e (A2)
<7, [Fnie)] |

The Dyson expansion of the time-ordered exponential

is given by
n B
/ dry---dr,
0

we =Y
n=0

% T 6 f(m) - 6(m) fr)]

Because each £(7;) is a scalar (c-number), the time-
ordering operator acts only on the operator factors.
Thus, we may pull the stochastic fields out of the or-
dering;:

T- {flfl"‘fnf”} =& &)Tr [flfn}’

where & = &(r;) and f; = f(r;). Taking the stochastic
average over ¢ and noting that centered Gaussian noise
has vanishing odd moments, the expansion becomes

(A3)

(A4)

W =Y @ [t e [fie ).

p=0
(A5)
By Wick’s theorem, the even moments are given by the
sum over all pairings P:

L) =Y [ E(mi—1).

P (i,j)eP

(A6)

We now consider the expansion of the claimed expo-
nential result. Define the bilocal operator

X_%/ dr/ d K(r )T, [0 ()] (a7)
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The p-th term in the series for eX is (1/p!)XP. In-
troducing p independent pairs of integration variables
(Tor_1,Tor), We write

o (;)z’/dngﬁ [K(QT_D(QT)TT |:f2r71f2'r‘:|i| )

(A8)
so that the full series is
0 1 1 p p
X 2
=35 (5) e [T )
. B (A9)
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To relate this to Eq. , we exploit the property
of time ordering on the hypercube [0, 3]?P. apart from
a set of measure zero, the integration domain can be
partitioned into (2p)! disjoint regions R, defined by
the strict total ordering 7r(1) > Tr2) > - > Tr(2p)-
On each such region, the global time ordering satisfies

[fl pr] = fTr(l) f7T (2p)- Similarly, each pairwise
time-ordering 7| fzr 1 fzr] collapses to the correctly ori-
ented product according to the same strict ordering. It
follows that the product of pair-ordered operators coin-
cides with the global ordering almost everywhere:

f[ To [Forabor) =T [ o).

Substituting this into Eq. , we may pull the global
time ordering out of the products.

The final step requires counting the occurrences of each
Wick pairing. The expansion of XP? utilizes p labelled
slots r = 1,...,p, each containing an ordered pair. A
Wick contraction P is a set of p unordered pairs. For
any fixed Wick pairing P, there are p! ways to assign
the pairs to the p slots and 2P ways to orient each pair.
Each Wick pairing is therefore represented exactly 2Pp!
times in the integrand. This multiplicity is canceled by
the prefactor (1/p!)(1/2)P, yielding

(A10)

= o [ (S M0 &) [ g

p=0 P (i,j)epP
(A11)

This series matches Eq. (A5 term-by-term, proving the
exponentiation of the Gaussian average. Consequently,
we may write the influence on the reduced density matrix
as

(We(B))e = exp [; /Oﬁ dr /05 A K(r — )

(A12)
T{fnit)].



Domain Folding and the Triangular Form of the
Influence Operator

The influence operator A(f)

B B N .
A(B) = %/0 dT/O dr' K (r—) T [f(r)F()]. (A13)

admits a simplified representation over a strictly ordered
time domain. By definition, the time-ordering operator
for two system operators acts as

T, [ff(@)] = 0= )+ =) ) f (7).

(A14)
Substituting this into the integral and splitting the do-
main yields

a@) =5 [[_ drar K =) ()

1

o (A15)
+ 2//T/>Td7'd7' K(r=7")f(")f(r).

In the second term, we perform the swap of dummy vari-
ables (1,7") — (7', 7). The region 7" > 7 becomes 7 > 7/,
the operator product transforms to f(7)f(7'), and the
kernel becomes K (7' — 7). Thus,

% //> drdr’ K(r —7')f(r') f ()

1

- / / i K =) ). .

Using the symmetry of the equilibrium kernel, K(7 —
7') = K(7' — 1), we find that both contributions are
identical on the ordered region. Summing them yields
the triangular representation used throughout this work:

B T - .
A(,@):/O dr/o i K(r — ) (O F(). (A7)

Appendix B: Algebraic Construction in the Pauli
Basis

In the main-text qubit worked example, the exact so-
lution was derived using the ladder basis o, which di-
agonalises the imaginary-time evolution and leads di-
rectly to the response kernels. Here we adopt an alter-
native perspective by working directly in the Pauli ba-
sis {0y, 0y,0,}. While algebraically heavier, this route
makes the operator closure explicit at the level of struc-
ture constants and facilitates the systematic summation
of the BCH series.
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1. Polylogarithmic decomposition from the adjoint
chain

We consider the same transverse coupling model de-
fined by

f=co, —soy, (B1)

with ¢ = cosf, s = sin6.
adjy,, (f) is given by

The adjoint chain f, =

(=s,0,¢) n =20,
(—swg,0,0)  n>1, neven,
(0, —iswy,0) n>1, nodd.
(B2)

The recurrence ensures that f,,>1 alternates between the
x and y axes, while f contains a persistent z-component.

The influence exponent A(B) = >, Co fofm is
evaluated using the standard Pauli product rule (a-o)(b-
o) = (a-b)l+i(a x b)-o. Decomposition of the or-
dered moments into symmetric (Sy,,) and antisymmet-
ric (A,,) parts reveals that only the commutator sector
A, contributes to the operator structure:

AB) 220> App (Fr x £) - 0, (B3)

n>m

fn:fn'0'7 f, =

up to a scalar shift Agl. The cross products exhibit a
strict parity selection rule:

e Forn,m > 1: f, xf,, lies along z since both vectors
are confined to the xy-plane.

e For m = 0: f,, x fy generates terms in the xy-plane,
mixing the longitudinal and transverse directions.

Explicitly summing these series yields the channel de-
composition

A :AQH-FAQ;O'QC—FAyUy"'AzUza (B4)

where the coefficients are polylogarithmic series in wy:

A, = —2cs Z Aspi10(8) w2, (B5)
£>0

Ay = —2ics > Ageo(B)wl, (B6)

>1

2 2k+20+1
Az = —2s Z Agk’24+1(ﬂ) wq T2t
k>1,4>0

- 2822A2€+1,0(5) w3€+1. (B?)
>0

These series are the Pauli-basis equivalent of the closed-
form expressions obtained in the main-text qubit for-
mulas. The connection is established by identifying the
sums as Taylor expansions of the kernels G~ (0, £w,) and
G” (twq, Fwy).



2. Exact BCH resummation via the nilpotency
identity

The central challenge in the mean-force construction
is the evaluation of the BCH logarithm —SHyp =
log(e~#Hee”). While the closure theorem guarantees
that this remains within the algebra, a manual summa-
tion of the BCH series is laborious. Here we show how
the su(2) structure allows for an exact, non-perturbative
resummation.

Let M = A — Agll = A - o be the traceless part of the
influence operator. The square of this operator satisfies
a crucial identity:

M? =(A-0)* =(A-A) =¥, (B8)

where x? = A2 + A2 + A? (or A2+ X, Y_ in the ladder
gauge). This “generalized nilpotency” condition trun-
cates the power series for the exponential e™ into even
and odd sectors, yielding the exact Euler-like formula:

inh
B = ¢Bo coshx]l—i—sm X

M|, (B9)

This expression sums the internal structure of the influ-
ence operator potential to all orders. The full reduced
state is then the product of two SL(2, C) matrices:

po =c Hact

0 eﬁwq/Q

A (e—,ﬁ’wq/2 0 ) (coshx + oA, o(Ay —iAy)

with ¢ = sinh x/x. Since the product of 2 x 2 matrices
is a 2 x 2 matrix, the BCH series (which is the logarithm
of this product) is strictly confined to the Pauli algebra.

Explicitly, for a resulting state pg = %(H +r- o), the
mean-force Hamiltonian is

1 arctanh r
Hyp =cl — - ————

PR (B11)

This formula represents the analytic summation of the
entire BCH commutator tower. The main-text closure
theorem manifests here as the fact that x is a finite
scalar number, preventing the proliferation of indepen-
dent operator directions. All nonlinearities in the cou-
pling strength are packaged into the transcendental de-
pendence of x and r on the channel coefficients A, 4 ..

Appendix C: Exact Qubit Solution in the Ladder
Basis

We provide the manual derivation of the exact qubit
mean-force state using the ladder basis o4. Starting from

©(Ay +iA,) cosh )@BJQ)AZ
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the interaction-picture operator product

f(n)f(r) = {02 + 5% cosh (wg(T — T’))]H

+ s?sinh (wy (T — 7))o

+cf- (6qu/ — e‘*"?T> o+ (©1)
+cfs (e_‘*’” — e_“q7/> o_,
the influence exponent A = foﬂ dr [ dr'K(t —
7V f(7) f(7") evaluates to
A=A+ A0, +Ayor +A 0, (C2)
with coefficients
A, =58, (C3)
Ay = —2cf+Xy, (C4)
where fi = se®®/ and the primitive integrals are
2. = 5 [Rlwg) — R(-wy)], (5)
Yy = wlq (14 e®P“0) K (0) — 2K (Zw,)] - (C6)

The unnormalised state is pg = e~ (Bwa/2)o= A Ty find
the normalized state and its Bloch vector, we perform a
symmetric decomposition

po = IY/2eST1Y/2, S =TY2A11/? (C7)

where IT = e~ #«a?:/2 Using ITY/20 I171/2 = ¢FAwa/24,
the symmetric influence operator S becomes

S = Agl+ A0+ (Aye P26, + A_eP/25_). (C8)

Substituting the expressions for A4 and using the KMS
relation

Yo =e Py, (C9)
we define the real symmetrised transverse response
Y, = 2e w2y, = 2efwa/2y_ (C10)

The transverse coefficients then simplify to

A+e_BW‘J/2 = —cse_i¢f(26_ﬁ‘*’Q/22+) = —cse Iy,

(C11)
with A} = —csX ;. Recombining the ladder operators
into Cartesian form, we obtain

S=Al+ A0, +A(0zco8¢7 +0y,singy), (Cl2)

which is the generator of a rotation around an axis
in the coupling plane. The influence magnitude y =

VA2 + A% determines the exponential e® = cosh x(I +



yM) with v = tanhy/x and M = S — Agl. The fi-
nal state pg = Z51H1/263H1/2 follows by direct matrix
multiplication, yielding Eq. in the main text.
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